Introductory Linear
Operator Theory

In this chapter we apply concepts of functional analysis, especially those
concepts related to Hilbert and Banach spaces, to introduce basic operator
theory relevant to applied electromagnetics. We begin with the definition
of a linear operator and provide examples of common operators that arise
in physical problems. We next define linear functionals as a special class
of linear operators. Linear functionals occur quite often in electromag-
netics and are very useful in theoretical investigations and in formulating
problems to be solved numerically. In addition, the concept of a linear
functional, in conjunction with the Riesz representation theorem, gives an
appropriate motivation for introducing the important concept of an ad-
joint operator. Next, the class of self-adjoint operators is discussed, as
well as the broader category of normal operators. We will see later that
self-adjoint operators, and especially compact self-adjoint operators, have
very nice mathematical properties that can be usefully exploited. Definite
operators are then discussed, which themselves are contained within the
class of self-adjoint or symmetric operators, and lead to a new notion of
convergence. Compact operators are introduced, both at the function and
sequence (infinite matrix) levels, and examples from applied mathematics
and electromagnetics are provided. The important topic of the operator
inverse is then covered, which naturally arises in the consideration of solv-
Ing operator equations and, primarily for differential operators, is related
to the concept of a Green'’s function. Projection operators are briefly dis-
cussed, followed by a statement of the Fredholm alternative, which details

solvability conditions for certain operator equations.
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130 3. Introductory Linear Operator Thy,

3.1 Linear Operators

3.1.1 General Concepts

We will define a linear operator as a linear mapping between linear spy,
Definition 3.1. A mapping A from X to Y, denoted as A : X -~ }'”‘
called a linear operator (linear mapping, linear tmnsformatwn) if for all,

and Y n the domain OfA (deﬁned below) and o, ,6 & C,

Alax + By) = aAzx + Ay,

where Ax, Ay €Y.

Note that a linear operator maps elements of X to elements of Y,z
often X is equal to Y. As an example of a familiar operator, the my
ping A : C" — C™, given by an m X n complex-valued matrix ma,

n-component vectors in C" 1nto m-component vectors in C™.

The elements on which the operator acts, and the elements it producs

are given special names.

Definition 3.2. The domain of a linear operator A : X — Y, denoted
D 4, is simply the set of elements for which the mapping A is defined.

Tt is convenient in the following to restrict our linear spaces X and Y'v;
be Hilbert spaces, denoted as H; and Ha, respectively, although In a (3
instances we will consider Banach-space formulations.

For operators acting on a Hilbert space H,, Dy = H;. Often we Wi
be interested in operators acting in a Hilbert space H,, specifically on:
closed linear subspace M of a Hilbert space. In this case Ds =M CH
D4 # H,. For example, the differential operator A : L?%(a,b) — L*(a,}
defined by (Az)(t) = dz(t)/dt = 2'(t) cannot have as its domain all d
L?(a,b), since many functions in this space are not differentiable, or eve

continuous.

Defining a domain is an important part of defining an operator; a
operator is completely defined by specitying both its domain and its actiot
on elements of the domain. Furthermore, often properties of an operal
are very sensitive to the choice of the domain. This is especially true for
differential operators, where boundary conditions are part of the domaln
specification.

The most important operators acting in Hilbert spaces are densely d¢-

fined.

Definition 3.3. An operator A : Hy — Hy acting wn Hy 1S said 1o b
densely defined if D 4 is an everywhere dense subset of Hy, i.e., Da = Hy
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Recall from Definition 2.13 that this means that every element in H,
can be approximated arbitrarily closely by elements of the set D 4, and any
neighborhood of an arbitrary point of H, contains points from the set [ 4.

Thus, in this case while D4 is not the whole space H, (H, may, in fact.

contain infinitely many elements not in D 4), Da is “close” to Hy in this
sense.

Unless otherwise noted, when D A # Hy we will work with operators on
densely defined subspaces of H, .

Definition 3.4. The range (or image space) of a linear operator A - Hy —

Hy, denoted as R4, is the set of elements y € Hy resulting from Az for all
possible x € D 4.

TI'he dimension of the range of A is called the rank of A, and for Az = y.
y 1s called the image of z. Note that the range of A need not be all of H>.
A mapping A : H; — H, for which Ra = Hs is said to be onto (surjective).
whereas if R4 C Hj is a proper subspace of H; then the mapping is into.
Therefore, A : H; — H, may be in or on H;, and into or onto Ho.

Definition 3.5. The null space (or kernel) of a linear operator A : H; —
Hoy, denoted as N4, is the set of all elements x € D4 for which Az = 0.

As an example, the common vector identity V x Vi) = 0 indicates that
the range of the gradient operator must be in the null space of the curl
operator, 1.e., Ry C Nyy. The dimension of the null space is called the
nullity. It is easy to see that the range and null space of an operator are
linear subspaces of Hilbert spaces.

An important class of operators are those having finite rank.! This is
a different concept from that of an operator acting on a finite-dimensional
domain. It can be shown that for A - Hy, — H, a linear operator and

H, finite-dimensional, then R, is a finite-dimensional subspace of H> (and
dim(H,) nullity (A) + rank (A4)). Tt then follows that every operator
acting on a finite-dimensional domain is a finite-rank operator, yet the
converse 18 not necessarily true. In the following we reserve the name

“finite-dimensional operator” for the special subset of finite-rank operators
that act on finite-dimensional spaces.

Boundedness and Continuity of Operators

A very important classification of operators pertains to their boundedness.

Definition 3.6. A linear operator A : H, — H> s bounded on its domain
of, for all x € Hy, there exists a number k > 0 such that

1Az, < k|l .

' Also known as finite-dimensional operators.

2 As always when working in Hilbert spaces, we exclusively use the norm induced by

the inner product, with the subscript (often omitted) indicating the associated space
(Hy or H»s).
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We use z € H; rather than z € D4 since it is shown in Section j4
that for a bounded operator A, D4 = H;, at least by extension.

Note that bounded operators map bounded sets in D4 into bound,
sets in R4. This is a somewhat different notion than the calculus ides
a bounded function, where a function is said to be bounded if the range
the function is a bounded set.

If an operator 1s not bounded, it is said to be unbounded. To show thy

an operator A is unbounded it is sufficient to find a sequence of elemen,

¥ = {:1:113:2,_..} Wlth In, - DA SUCh that ”fl’:nlll S M for SOINE Ad aly
HA’LHHQ — xasn — X

(see, e.g., Example 8 in this section). Tk
most important class of unbounded operators relevant to electromagneti

1s differential operators.
The definition of boundedness of an operat

of an operator norm (as an abstraction of size).

or brings about the concey

Definition 3.7. The norm of an operator A : Hy — Ha, denoted as ||A].
is the smallest number k that satisfies ||Az||, < k|||, for allx € Hy. Th

can be stated as

= sup |[|Az[, = sup |[[Azll;
lzll,=1

Az||
Al = sup A2

izl 20 Nzl el <

It is convenient to note that ||[Az|, < ||A|l||lz||,- In the following w

will generally omit the subscript on the norm.
A fundamental property that divides operators into two classes 1s COI-

tinuity, or lack thereof.

s H, is said to be continuous

Definition 3.8. A linear operator A : H;
5 > 0 such tha

at o € H, if for every e > 0 there exists a number
|Az — Azl < € whenever ||z — Xol| < 0.

The next theorem states an extremely important fact concerning Cor

tinuous operators.

Theorem 3.1. IfA: Hy — Hj is a continuous linear operator at Tg € H,.

and if T, — Tg, then Az, — Axo.

This theorem states that if lim,_eo Zn = o, then liMp .o Az, =

Alim,,_. T, indicating that the operator and the limit operation ma

be interchanged.
Proof. Assume z,, — z (i.e., ||zn — z|| — 0) and show | Azy — Azl —

0 (i.e., Az, — Az). Indeed, ||Az, — Az|| = |A(zn — )| < | Al [|zn

Because ||z, — z|| — 0, then ||Az,, — Az| — 0, where we assume | Al <o

A very important relationship exists between the continuity and bound
edness of a linear operator.
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L -J

Theorem 3.2. A linear operator A : H, — H, is continuous if and only
of 1t 18 bounded.

Proof. Assume A is bounded and To an arbitrary point in H;. Then
|Az — Axo|| = [|[A(z — zo)|| < k||z — zg||. Thus if ||z — zo|| < 0, setting
0 = e/k gives ||A(x — z¢)|| < . Then A is continuous at an arbitrary point
and so 1s continuous on its domain.

Now assume A is continuous, and in particular take zop = 0. Then for
e = 1 there exists a § > 0 such that ||Az|| < 1 whenever ||z| < 4. For
7 # 0 let z = Bz with 8 = §/||z|.. Then |l2|| = |8z = |(52) / |z]||| = 6.

Theretore, 1 > ||Az|| = ||A(Bz)|| = |8|||Az|| and ||Az| < 1/8 = (1/6) ||z|
and so A is bounded. Of course, for z =0, [|[A0|| =0 < ||z|. =

In summary, continuity at 0 implies boundedness, which implies conti-
nuity at an arbitrary point z.

Theorem 3.3. If a linear operator A : H, — H, is continuous at one
pownt, 1t 1s continuous on its domain.

If a linear operator is continuous, it is uniformly continuous, since 4 in the
above proof is independent of z;.

For linear operators (but not most ordinary functions) boundedness
implies continuity, and conversely. Unbounded operators are then related

to some sort of discontinuity of the operator. For unbounded operators.
Tn — Tg does not imply Az, — Ax,.

It can be shown that the space of all bounded operators A : X; —
X2, where X, 5 are Banach or Hilbert spaces, 1s itself a Banach space (1.

p. 43]. This is important since later we need the concept of convergence

of a series of operators (see, e.g., Section 4.4), and in a complete space
absolute convergence, > | A", implies convergence of ) A"

Theorem 3.4. If A: HH — H,, and B - Hs — Hs are bounded linear

operators, then the composition BA : Hy — Hs is bounded, and |BA|| <
| Bl || Al .

Proof. |BAz| < |B||4z| < |B]

|A|| [|z||, proving boundedness of
B A. The inequality follows from ||BAz|| < || B| |A|| ||z]| and the definition
of | BA|. =

Finally, there is an interesting statement about continuity of operators
on finite-dimensional spaces.

Theorem 3.5. Consider a linear operator A : H) — H,. If Hy is finite-
dimensional, then A is continuous (and so bounded).

Proof. Let {aa,,,}ﬁr:l be a basis tor Hy, and take any 0 # z € H, as
T = Zi:;l anZpn. Then ||Az| = Z,I::l ap Az, || < Z,f:___l lan| ||[Az,||. Let
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K = max,, {||Az,||}. Then ||Az| < K 22’:1 | . It can be shown (pro
1s omitted here: it is at least reasonable since the sum is finite) that an

exists such that Z:;l an| < M ||z|| and so ||Az|| < KM |||, which show
that A is bounded and hence continuous. =

3.1.2 Examples Related to Linear Operators

1. Ordinary real-valued functions z(t) can be thought of as operator:
r : R — R. However, only linear functions are themselves linez

operators. For example, the function r(t) =t for t € R defines 2
linear operator, yet z(t) = sin(t) (or ¢ + 1, t2. et, etc.) does not.

9. The common “real-part” and “imaginary-part” operators Ap, As

C — R defined by
A,z = Re(z),
AiLE = IIII(IE ;
DAT — DAT-, = C

: - ] 100
are easily seen to be nonlinear operators. The complex conjugat

operator A, : C — C defined by

A..Tz =T,

1s also nonlinear.

3. The identity operator I : H — H defined by

Ir =z,

DI_::'H,

is a bounded linear operator with ||I]| =1, Ry = H, and Ny = {0}-

4. The null operator 0 : H — H defined by

0z = 0,
DOEH,

== {0}, a.nd NO == H'

is a bounded linear operator with ||0]| = 0, Ho

5 A bounded linear operator A : H — H defined by

Az =y,
DA‘:‘H,
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where H is an infinite-dimensional space, is uniquely represented by
an 1nfinite matrix with respect to a given basis. To see this, let

{z1,22,...} bean orthonormal basis for . Then, foranyz € H, z =
o0 ; . . o o \
2_i—1 (T, z;) z; and by continuity? and linearity, Az = ¥ o \E 5 ) AR

——

y. Tlaking the inner product of both sides with Ti, 1 =1,2
leads to the system of equations

-----
# g

o0

<'x’$i> <A$i1$j> == (y,xj) : ] — I

i=1
which can be written in matrix form as

(Az1,71) (Azo,21) - \Z, T1)
(Aml:f@) (Al‘mfb"z) (T, T2)

T'herefore, the bounded linear operator A : H — H defined by
Az = y is represented in the basis {1,Z2,...} by the infinite matrix
ai;], where a;; = (Az;, z;). It can be shown that S Jass|* <
and Z;’il |aij\2 < 0. Conversely, an infinite matrix [a;;]. where

D i1 Zjil |az‘j\2 < 00 defines a bounded* linear operator A : 12 — 12.
with respect to a certain basis, with

1/2
The number (Xf_l Zjil a4 |2) is called the absolute norm of the
operator A.

Similarly, a bounded operator A : H; — Hs defined by Az = y.
DA = H,, where Hy, H, are infinite-dimensional spaces, 1s uniquely

represented with respect to given bases by an infinite matrix aijl,
with a;; = (Az;,y;) such that

(Az1, Y1) (Azg,y1) - 1 (@, 1) (Y, Y1)
<A$1:y2> (A:E?: y2> R (333 :I:?) — <y1 y2>

o
o

e —

3While any linear operator can be interchanged with a finite sum, boundedness (con-
tinuity) of A is required to allow the free Interchange A Zil T =Y o

4 e o0 Js oQ '
The conditions Zi:l |aij|° < oo and )
to be bounded; the condition 221

‘) .
j=1 |aij|” < co are not sufficient for A
oQ P, . .
41 |@ij|” < oo is a sufficient but not necessary
condition for A to be bounded. It can also be shown that the conditions Z?il la;i;| < K

and Zoil la;j| < K, where K does not depend on i or j, are also sufficient conditions
for A to be bounded.
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where {zy,T2,.- .} is an orthonormal basis for Hyq, and {y,
is an orthonormal basis for Ha. If (z;,y;) = d;;, the two b;g?.
are called bi-orthonormal. Ty

6. As a fnite-dimensional version of a matrix operator, the Ope
A:C" — C™ (bounded since C™ is finite-dimensional) is yp;,
represented, for {Z1,%2;- - . Tn} a basis of C™ and {yl,yzi_“q"’t
a basis of Cm’ by the m X n matrix [a,ij] where Aij = (Aa;?yh!
Converselbﬂ every m X T matrix [a?;j] where Ai; = <A:I7j,yi> umi;l?li

defines a bounded linear operator A : C" — C™ with respect t, :}

oiven bases. Exactly the same result is obtained for a more Eene;:

mapping A : H1 — H,, where Hy, Hy are any two ﬁnite-dimensi%
Hilbert spaces.

T,

For operators On finite-dimensional spaces some explicit e,
tions for the norm may be developed in terms of the matrix e,
resentation of the operator. For instance, considering the opera,

A - C" — C™ and using the norm x|, = Z;;l |z ;| lead to

matrix norm?
T

|All; = llélj?lgn . ai; ] (3.1;'

1=

which obviously corresponds to summing the absolute values of &
ements of each column and taking the largest such sum. Thisg
called the column-sum TOTTN. Alternatively, the oo-norm |x| =

max; <;<n || leads to

n

Al = max D laisl,

7=1

which corresponds to summing the absolute values of elements i
each row and taking the largest such sum (row-sum norm). Obwr

ously the relationship [|All; = ”ATHm holds. The two-norm |[x],-
(3i=1 z;[2)/? leads to [All; = /Amax, Where Amax is the largs

eigenvalue of A*A, which 1s sometimes called the spectral norm of A |

The above are known as subordinate matriz norms, since they
arise directly from an associated vector norm. Other matrix norm
which come directly from Definition 2.31, rather than the operatol
norm Definition 3.7, are sometimes found to be useful. Two commot |

°To see this, consider

m n mn m m

I Ax]| = E E a;ijTj| < E _>__ la;;| | |zj] £ max E laij| |1l
- 1<j&n
i=1 | j=1 j=1 \i=1 i=1

The maximum over all x with [|x|| = 1 leads to the desired formula.
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norms from this latter class are the Schur norm, defined as

1/2

HAHS — Z Z |aij|2

i=1 j=1

and the mazimum norm ||A||,, = max; ; |a;;|. The Schur norm sat-
isfies ||AB|| < [|A]|||B||, while the maximum norm does not. Both
are easy to compute but are generally less useful than the subordi-
nate norms. Some discussion of these concepts, as well as the role of

the condition number® in numerical matrix analysis, can be found in
2, pp. 176-183].

. Consider the operators A,B : C" — C" associated with matri-

ces [a;;]; ., and bij]; i1 , respectively. The composition (product)

C = AB of operators A and B is associated with the product of
corresponding matrices:

(CX)?_;l = (ABX);;I — Z (Z aikbkj) CCj — Z Cijivj:

1=1 \k=1 1=1

where c¢;; = 3" aiby;. If A and B are bounded in C”, then by
Theorem 3.4 the product C is bounded in C™. Indeed,

mn

1Cx|| =) zn: (i aikbkj) %A

i=1 [j=1 \k=1

T

TL
< Z - - .
o 1?1’?%(71. lla%kl I?Jagnk 1|bk3| HXH
1= =

Similarly, the product C = AB : 12 — 12 of bounded in 12 operators A
and B corresponding to the infinite matrices \aik| and [bg;], assuming
Yol > ore i |aik|® < 0o and D k1 Dien br;|® < oo, is bounded in 12.
T'his property of bounded operators can be used to simplity the proof
of boundedness and compactness of the product operator obtained
In some electromagnetic problems, where each matrix element is ob-

talned in terms of infinite series (Galerkin-type projection techniques
often result in such internal summations)

3. The differential operator A : L?(a,b) — L2(a,b) defined by

(Az)(t) = D — p),

Djy={z:z,2' € L*(a,b)}

The condition number of a matrix A is defined as | Al HA“l H using a subordinate

matrix norm.
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is unbounded. To see this, consider the sequence of functions z,,(¢) <

cosnt, n=1,2,..., defined on the interval [—m,7]. Then
™ 1/2
H‘Tﬂ.” — (/ (COS nt)%lt) — \/7'1-
and

. 1/2
ALy || = (/ (n sin nt)2dt) = n/,
resulting in ||Az,|| = n||z,||. Clearly, |Azp || — 00 as n — 0. MOH?-
over, all differential operators are usually unbounded_, although distri-
butional spaces can be constructed where they are, 11 fact, bounded.

As mentioned previously, this operator cannot have as its do.msm
all of L?(a, b) since many functions in this space are not dlffere:_tm le,
or even continuous. Note that N4 is the set of constant functions.

~ The multiplication operator 4 : C(2) — C(€) (C(€2) is a Banach

space in the max-norm,  C R"™) defined by

(Az) (t) = f(t)z(t)

is a bounded linear operator assuming k = maxteq |f (t)] < oo with
| Al < k. Boundedness follows from the inequality

F®)z(®)] < (| f]H]]l;

where |f|| = maxeq |(t)] and ||e|| = maxeeq |z(t)]- Also, the mul-
tiplication operator A is bounded in the Hilbert space L? (€2) for f

continuous,

42l = [ 1£®)2®)d0 < Kl

where k = maxieq | f(t)| < oo.

10. The Banach-space integral operator A : C(Q) — C() defined by

(Az)(t) = / k(t, )z (s) dY,

2

where k(t,s) € C(2 x Q) and Q c R, with the max-norm

k|| = ma:x/ k(t,s)|dQ < oo,
Q

tel)

1s bounded with

2
4] < e [ [k(t,5)
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[hddeod, using the ilmqnn,lity ol the previous example,

tes)

4? | < / V{ H[ ‘(]Q < max Ik(t15)|(1Q HIH
J ()

and, in fact, it can be shown the equality holds.

Similarly, it can be shown that the weakly singular integral op-
crator

(Az)(t) = / 5(8,5) 1s)d0

q |t —s|®

1s bounded in C(Q) for o < n (for o = 0 this reduces to the previous
case).

11. The Hilbert-space integral operator A : L*(Q2) — L%(Q2) defined by

(Azx)(t) E/Qk(tjs):n(s) ds?

with kernel k(t,s) € L2 (Q x Q) and the two-norm

1K||? = / / (b, )% d, d9, < oo,
(2 J)

where 2 C R", is bounded with”

14]% < / / K(t, s)[2 2, d.
(2 J§2

The above follows from the inequality

| | Azl /\Ax )\det-—/ /k‘(t s)z(s) dQs| df

//\k (t, $)|° dQs dQ ||z|]?.

Such operators are known as Hilbert—-Schmidt operators, and the ker-
| nel k(t,s) is said to be of Hilbert—Schmidt type.

More generally, a bounded operator A : H — H is called a Hilbert—
Schmidt operator if, given {z,} an orthonormal basis of H,

Y Az |® < oo.
TL

"A sufficient condition of boundedness of the integral operator in L4(Q) is
jq fﬂ k(t,s)]?dQ2s d2; < oo. Also, the integral operator is bounded in L2(Q) if there

Is a number M < oo such that fQ k(t,s)|dS2s < M and fg |k(t,s)|d2¢ < M. This
condition of boundedness is also suflicient.
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12. The integration ( Volterra) operator A : L?(a,b) — L*(a,b) define

by
L

(Ax) (1) = / r(s) ds

J a
is a linear bounded operator for —oo < a < 6 < 0. This is just g
special case of the last example (Q = (a,b)) with & (t,s) = H(t - s),
the Heaviside function, where H(t —s) = 1 for t > s, and O for t < ¢

13. Let k (¢, s) be bounded, i.e., k(t, s) € L>®((a,b) x (a,b)). The weakly
singular integral operator

> k(t,s)

. |t—s|@

(Az)(t) = o(s) ds

is bounded in LP(a,b) for 1 < p < oo and 0 < a < 1 [3, P. 57],
Moreover, with a = 1 the operator, taken in the sense of the Cauchy
principal value, is bounded in LP(a,b) for 1 < p < 00. As a special
case, the Hilbert transform operator defined as

(Az)() = — f_ (f(_s)s) ds

1s bounded in LP(—o00,00) for 1 < p < oo.

Generalizing, the weakly singular integral operator defined by

(Af) @ = [ S

- Jalt—s/|"

z(s) dS2

with 0 < o < n and where k (t,s) is bounded on © x €, is bounded

in L” () for Q c R" 4, p. 162]. This also holds for integrals of the
form

k(t,s
(af)s) = [ E&s)
r |t — s
where I is a smooth n-dimensional surface in an (n 1 1)-dimensional

space. Therefore, in a finite region of three-dimensional space, the
usual free-space Green’s function kernel

z(s) dl’,

k (r,x') = (e )/ (4mfr — ')
generates a bounded operator in L? () and L2 ().

14. The singular Cauchy integral operator defined by

(Az) (t) = : /F o(s) ds

(K S —t

is bounded on the space Ho,a(r) for every « such that 0 < o < 1,
where T is a smooth line [3], [5].
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15, Consider the integral operators A, and A, acting in the Banach space
C(a, b) with kernels k, (1, 7) and ky (7, 8), respectively 6]. The integral

product operator A = A, A, for any function x € C(a,b) is defined
a8

|

b
(Az)(t) (A1 Agz)(t) = / ki(t,7) (Azz)(7)dT

/:) ki(t, T) (/: ko(T, 8)x(8) ds) dT
— /:’ (/: k1 (4, 7) kol 5) dq-) z(s) ds

b
= / k2 (t, s)z(s) ds.

|

Thus, A = A;A; is an integral operator with the kernel £(®)(t, s) =

fj k1(¢, 7) k2(7, s) dr. If the integral operators A; and Az are bounded
in C(a,b) (i.e., ||A1]], |As|| < 00), then the integral product operator
A = A; A is bounded in C(a,b) (this simply follows from ||Az|| <
|A1|| ||Az2]] ||z||). Also, it can be shown if the integral operators A;
and A, are bounded in the space Lz(a,, b), then the integral product

operator A = A; A, is bounded in L?(a,b).

The integral product operator has been utilized in the method
of overlapping regions (see Section 9.5) and in the Schwarz’s itera-
tive method where the resulting kernel is determined by subsequent
iterations. Indeed, if we set k; = ko = k such that k) (¢,s) =

f; k(t,7) k(T,s)dr, then

b
kM (t,s) = / k(t,7) K™V (r,8)dr, n>2

3.1.3 Isomorphisms

Since we have the concept that an operator takes elements of one space
to those of another space, it is worthwhile to consider some relationships
between those spaces. The following definitions are useful.

| e T'wo linear spaces X and Y are said to be isomorphic if there is a
one-to-one, onto linear map A: X — Y.

e Two normed spaces X and Y are said to be (topologically) isomorphic
if there is a continuous one-to-one, onto linear map A : X — Y such
that A~ is also continuous. Furthermore, the spaces are said to be
isometrically isomorphic or unitarily equivalent if A is unitary, i.e.,
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A preserves norms (||Az|| = ||z|| for all z € X). It can b‘_?' shown thy
two Hilbert spaces are isomorphic if and only if they are Isometrically
1Isomorphic.

An operator A : X — Y that connects two isomorphic spaces is callg(
an wsomorphism. If two spaces are isomorphic to one another, then they
are essentially the same space, at least at an abstract level.

As a simple example, the normed spaces C and R? are easily seen tq
be isometrically isomorphic, with A : C — R? the mapping that takeg
: = 2+ 1y € C into the ordered pair (Rez,Imz) = (z,y) € R”. Indeed,
4] = VaT+ 37 = |2] = ||| o

One reason for introducing the concept of spaces being isomorphic tg
one another is to see the connection between function spaces and sequence

. 2 (_
spaces. For example, consider the space L? (—m, 7). Every f € L (—7m )
can be written as a Fourier series

OO einm
f T ﬂzz_m G’n ;—2?1_1
where a,, = ({, e [V2r) = (1/y/27) |7 f(z)e~"*dz, and it can be easily

shown that {a,} € 12. Let the operator A : L2 (—7,m) — 1% be the mapping
that takes f € L (—x, 7) to the sequence {an} - as

n=—0co

(Af) (z) =

with the inverse mapping A—1:12 — 1,2 (—m, ) taking {a,} to [ as

A_1 ({a’ﬂr}) — Z Un

N=—00

== 1)

It is clear that A is linear, one-to-one (if a,, = < F A mef \/27r> — ( for all n,

then f = 0 since {e"=/y 27} is complete in L2 (—m,m)), and onto (every
element of 1° corresponds to an infinite

L?; see Section 2.5.7). Therefore, L2 (—m, ) and 12 (—o0, 00) are isomor-

phic with the Fourier series operator providing the required isomorphism.
Since both spaces are Hilbert spaces, they are isometrically isomorphic.”

Furthermore, any separable Hilbert Space of functions is isomorphic to 1
7, p. 47].

series, representing a function 1n

® A is unitary since

% g% 2
|ASIP = (AL, AN =) lanl =" <f: m> =1I71>

where the last equality is obtained from Parseval’s equality (see Section 2.5.6) and it 1s
clear that A~! exists and is continuous.
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3.2  Linear Functionals

3.2.1  General Concepts

A limear operator maps elements of one linear space into another linear
space, or perhaps a space into itself. A linear functional maps elements

of a linecar space into C, the set of complex numbers. We concentrate on
mappings ol Hilbert spaces.

Definition 3.9. 4 mapping | from H to C (denoted asl : H — C or

[((H,C)) is called a linear functional if, for all z,y € Dy, there correspond
numbers [ (x),l(y) € C such that

l(ax + By) = ol (z) + Bl(y),
where a, 3 € C.

Under this definition ordinary linear functions z(t) that map t € C
mto C are linear functionals. More often the term functional is used for
“functions of functions,” e.g., | : H — C where perhaps H = L%(a,b). As an

example, for z € L?(q, b), fjx(t) dt is a linear functional [ : L*(a, b) — C.

Definition 3.10. A linear functional | is called continuous if the mapping
[+ H — C is continuous on H.

If a linear functional [ is continuous at one point, then it is continuous
everywhere on its domain.

Definition 3.11. A linear functional l : H — C 1is bounded on its domain
of there exists a number k € R such that for all elements z € Dj,

|i{)]| = [i(z)] < k=]

As with the more general operators previously discussed, the definition

of boundedness of a functional brings about the concept of the norm of a
functional.

Definition 3.12. The norm of a linear functional | : H — C, denoted as
|||, is the smallest number k that satisfies

()] < k ||z
for all x € D;.

In parallel with operators, continuity, boundedness, domain, range, and
null space of linear functionals are defined in obvious ways from the corre-
sponding definitions for linear operators. In addition, as with linear oper-
ators, continuity and boundedness of a linear functional go hand in hand.
In this way a linear functional [ : H — C can be thought of as a special
case of a linear operator A : Hy — Hjy. It can be shown that every linear
functional [ : C" — C is bounded (see Theorem 3.5). The space of all
bounded linear functionals [ : H — C is known as the dual space of H.
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Riesz Representation Theorem

An important theoretical use of linear functionals is In defining adjoin,
operators. Before proceeding, note that for y a fixed element of an inngey
product space, it is easy to see that [(z) = (z,¥) is & bounded linear fupe.
tional (although I(z) = (y, ) for y a fixed element 1s not linea}‘). Indee,
linearity and continuity follow directly from the definition of the }nner Prod-
uct. Therefore, for each element of an inner product space there is a naturg)

functional given by an inner product. In Hilbert spaces the converse is alsg
wrue.

Theorem 3.6. (Riesz representation theorem) Let | be a bounded lineqr

functional on a Hilbert space H. There is a unique element y € H such
that 1(x) = (z,y) for all z € H. Moreover, ||I|| = |lyl|-

The Riesz representation theorem guarantees that every bounded linear
functional on L? (a, b) has the form

b
l(z) = / ()50 dt

with the norm ||I|| = ||y|| = (fj ly(t)[2dt)}/? for some y(t) € L?(a,b) and
all z(t) € L*(a, b). Similarly, every bounded linear functional on 1 has the

form
l(x) = Z TiYi
i=1

with the norm ||If| = [ly|| = (3232, |y:|*)'/? for some y = {y1,¥2,---} €L
and all x = {z1,25,...} € 12, and every bounded linear functional on C”"

has the form
T
l(x) = Z TiYi
i=1

. 1
with the norm |[I|| = ||y|| = (3 7, yil?) 2 for somey = {y1,Y2,..-,YnJ €
C™ and all x = {z1,22,...,2,} € C".

3.2.2 Examples Related to Linear Functionals

1. Consider a linear operator A : L*(Q)) — L2(Q). A bounded linear
functional on L?%() is

(@) = (Az,9) = |

(2

(Az)(t)y(t) dO

for some y(t) € L*(2) and all z(t) in the domain Dy = {& :
z(t), (Az)(t) € L?(Q2)}. If the adjoint operator A* . L?(Q) — L2(Q)
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oxists (see Section 3.3), then

F (@) = (Az,9) = (@, 4%) = [ a(O(AWE 4O
(2

where y(t) is in the domain Dy ={y y(t), (A*y y)(t) € L?(£2)}.

2. The linear functional ¢, : C(a,b) — C defined by ¢c(f) = f(e),
where ¢ € |a, b|, can be written in terms of a delta-function (in the

distributional sense; note § ¢ C () ,L?(f)) as

Gc(f) =(f,0) = ff 6(z — c)

3. As an example in electromagnetics, scalar components of the mag-
netic vector potential A, at some fized point in space r caused by

an electric current in free space are linear functionals of the current
density J,,

jklr—r" 6—-jk|r——r"|
Ao (1) = { ud,. = _ / J(r _ d,
(o) <u 7'fﬁjL';fT[rr"|> Q,u (r)riﬂ']r—rl

as are various electric- and magnetic field components. Alternatively,
for a fixed J,, A, can be thought of as a nonlinear functional of the

permittivity function € via the wavenumber k.

4. The voltage V,; between two fixed points a, b is a linear functional of
the electric field E via

Var (E) = — /bfl E(r)- dl.

As further examples, the total charge @ in a volume €2 1s a linear
functional of the charge density p via Q (p) = |, p(r) df2, and elec-
trostatic power P is a linear functional (of E orJ)via P= [(E-J
dS2. Numerous other examples can obviously be found.

5. Consider the operator A : 12 — 12 associated with the infinite matrix
\a;;] and defined by (Ax)r__l = Z;’il a;;x;. Then a linear tunctional
[(x) is defined on 1% as

[(x) = (Ax,y) = Zzaiﬂjm
pe=] m=l

for some y € 1° and all x in the domain Dy = {x: x, Ax € 1?}. If
the operator A is bounded assuming > ;~; >~ |ai|* < oo (Hilbert-
Schmidt operator), then the functional {(x) is bounded on 12.
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6. Consider the vector differential operator A : L? (Q)3 — L? (Q)S do.
fined by

(Ax)(t) =V x V x x(t),
Da={x: x(t),V x V x x(t) € L? @°}.

A linear functional [(x) is defined by

Z(X)E<AX;Y>=/Q(V><V><X)-?dQ

for some 3-tuple y(t) € L2 (©2)® and all 3-tuples x(t) € Da.

3.3 Adjoint Operators

3.3.1 General Concepts: Bounded Operators

The Riesz representation theorem is useful for defining in a natural way
the important concept of an operator adjoint to a given operator. Consider
first a bounded linear operator A : H; — H,. For every y € Ha, 1t can

be seen that [(z) = (Az,y), is a bounded linear functional [ : Hy — C for
all x € H;. Therefore, by the Riesz representation theorem there exists a
unique ¥~ € Hy such that for all z € Hy,

(A:E}y>2 — (xay*>1 '

Because y” depends on y, we introduce a new operator A* : Hp — Hi,
called the adjoint of A, defined by A*y = y*, leading to

(Az, y)g = (33-;14*?:’)1 -

Usually we will drop the subscripts on the inner products.

Therefore, if A is a bounded linear operator, by the Riesz representation
theorem a unique adjoint exits. It can be shown that® |A|l = ||A*]|, and

so the adjoint of a bounded linear operator is a bounded. Some convenient
properties relating to adjoints of bounded linear operators are the following.

o [|[ATA|l =|A4*| = |4
e (A+B)" = A* + B*
& (O{A)* = A"

9This simply follows from

A=~ sup _ KAzp)f= =~ sup |z A%y) | = 4%
[zll=Ily||=1 [z ||={lyl|=1
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& ((1."\)4 ATC™ where (O Hy — H,
o (A" ) A

where in the above A, B2 Hy — H,. Relationships between the null space

and range ol an operator and those of its adjoint are given by the next
(hecorem.

Theorem 3.7. Let A: Hy — H, be g bounded linear operator. Then
a. Nag = (Rz+)
b. Na+ = (R4)
C. qu = (N~ )
d. Rar = (Na)*

l._

by

AN
-

|_

where R4 is the closure of R4.

From Theorem 2.7 we see that since the null space is always closed, it

the range is closed then the last two properties are repetitive with the first
two.

3.3.2 Examples of Operator Adjoints: Bounded Oper-
ators

1. The identity and zero operators have simple adjoints; I™ = I,0" =0.

2. It was shown before that a bounded operator A : C* — C™, with
{z1, 22, ...z,} an orthonormal basis for C", is represented by the
matrix |a;;|, where a;; = (Az;,z;). From the definition (Az;, ;) =
(zj, A*x;) one can see that the adjoint operator A* : C" — C™
is represented in the basis {z,} by the matrix [aj;], the conjugate
transpose!® of the matrix @]

The same result is obtained for the operator A : 12 — 1° defined

by (AX)Z__l = Z;’il a;;T;, corresponding to the infinite matrix [a;;]|

with >~ ijl a;;|* < oo (Hilbert—Schmidt operator).
3. The multiplication operator A : L?(Q) — L*(2) defined by
(Az) (t) = f(t)z(t)

is a bounded linear operator assuming k = maxseq | f(t)] < co where
(0 C R"™. Then

(Ax,y) = /)‘ (t)y(t) dQ = < 7?)>:<$-A*y>v

10Note that this is true only when {z,} is an orthonormal basis for C". When
{,,} is merely orthogonal, then the matrix representation of A* is given by a similarity
transformation (see Section 4.3.1) of the conjugate transpose matrix |a;;].
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where

(A*y) (t) = f(t)y(t).

Therefore, for the operator “multiplication by f(t),
“multiplication by f(t).”

4. The integral operator A : L4(Q)™ — L%(2)™ defined by

7

the adjoint s

(Ax)(t) = /Ql{_(t,s) - x(s) dS2,

where QO C R" with k(t,s) € L?(£2 x Q)™"™ (in the sense that
each component of the (m x m)-tuple dyadic kernel k(t,s) belongs
to L? (2 x Q)), is bounded. The adjoint is found from

(Ax,y) = /ﬂ/gk(t,s} . x(s) dQs- y(t) df 2

= / X(s) - f k'(t,s)- y(t)dS ds = (x, A7y)
¢’ (2

such that the adjoint operator is

(A%y) (t) = /QET (s,t) - y(s)df?

with the adjoint kernel k*(t, s) = k_T(s, t), the conjugate of the trans-
pose of the original kernel with the variables interchanged. For ex-
ample, the dyadic Green’s function for static fields

(with R = |r — r'|) provides a self-adjoint (see Section 3.4) bounded
kernel in R™, n > 2.

Similarly, the dyadic Green’s function

Gr,r') =15 r
— I‘,I‘) = A R Il(_(l‘,l‘)
has adjoint
ot+ikR
k (I‘,I‘!) =1
- 4R

In the scalar case of A : L*(Q) — L2(Q) defined by

(Az)(t) E/Q‘If(t,S):B(s) dq,
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Lthe adjoint operator is

(ATy) (t) = /

J ()

k(s,t)y(s) dQ) = / k*(t,8)y(s) dS?
J

with the adjoint kernel k*(t,s) = ks, t), the conjugate of the original
kernel with the variables Interchanged.

0. The integration operator A : L2?(a, b) — L?(a,b) defined by

(Az) (1) = / z(s)ds

is a linear bounded operator. Its adjoint is found as a special case of
the previous example (2 = (a, b)) with k(t,s) = H(t — s). Therefore,
the adjoint operator is k*(t,s) = H(s — t), leading to

b
(A%y) (t) = / y(s) ds.

3.3.3 General Concepts: Unbounded Operators

Betore considering the adjoint of the differentiation operator, we need to
imvestigate the concept of an adjoint for unbounded operators. Since the
Riesz representation theorem no longer holds, we are no longer guaranteed
that for an element y € Hy an element y* € H; exists such that (Az,y) =
(z,y*) for all z € H;. Often, though, such an element exists, and we
obtain the adjoint A* as before; A*y = y* such that (Az,y) = (z, A*y).
In general, such an adjoint may not be unique. If the operator is densely
defined, which is the case of primary interest here, the adjoint operator is
unique. !

Actually, in some cases we need to be more careful. If A is bounded,
then (Az,y) = (z, A*y) actually defines the adjoint. If A is unbounded,
then this relationship merely describes the “action” of the operator but
does not always lead to the correct identification of the domain D 4«. For

an unbounded, densely defined operator, a rigorous definition of the adjoint
1s the following.

Definition 3.13. Let A: H — H be a densely defined operator. Then

Da~ ={z € H :3y € H such that (Az,z) = (x,y), Vo € Dy},

“1ndeed, if (Az,y) = (z,y*) were true for two different y*, say y; and y5, then
<;I:,y§|"‘ - y5‘> = 0 for all x € D4. Because D4 1s dense in Hy, only the zero element is
orthogonal to every element in D4 (by Theorem 2.7(c)); hence y} = y3.
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However, in most practical cases the simpler procedure described begy,
leads to the correct domain of A*.

In summary, all bounded linear operators have a unique adjoint, apg
for all unbounded, densely defined linear operators that possess al adjoint,
the adjoint is unique. All unbounded differential operators considered iy
this text possess adjoints.

3.3.4 Examples of Operator Adjoints:
Unbounded Operators

1. Consider the differentiation operator A : L*(a,b) — L*(a,b) defined
by

(Az) (t) = jta:(t) = z'(1),

D = {z:2(t),7'(t) € L?(a,b), z(a) =0}

The adjoint operator can be found by integration by parts:

——————————————

b
(Az,y) = / o' (t)y(t) dt

b

= z(b)y(b) — z(a)y(a) — / z(t)y' (t) dt
a
= %, A Y},
Theretore, the adjoint differentiation operator is
d

(A°) (1) = Ly 1),
D g+ = {y : y(t):y’(t) = LZ(a'J b): y(b) — O} ;

hence Dy- # Dy and A*z = — Az for all z € Da N D-. Note tl}at
we actually get a conjugate-adjoint boundary condition on %, which
1s easily converted into an adjoint boundary condition on ¥.

2. In the previous example, if we define

Da = {z:2(t),2'(t) € L?(a,b), z(a) = z(b) =0},

then A*z = — Az for all suitable x, but no boundary conditions result
to restrict Dy« i.e.,

Da» ={y:y(t),y'(t) € L*(a,b)} > D,.

Furthermore, if D4 is such that no boundary conditions are imposed
on z, then boundary conditions y(a) = y(b) = 0 will be induced on
the adjoint.



A

Adjoint. Operators 15]

3. Consider the differentiation operator A : L%(a,b) — L*(a, h) defined

Iy

(Ax) (1)
D,-\ =

—
—
——
b
—
P
———
S
i
T
—
..-""._."H.
ﬂ
e
'

xa(t), a'(t), o (t) € L*(a,b), z(a) = x(b) = 0} .

: -
—
N ]

This can be thought of as the one-dimensional Laplacian operator.
T'he adjomt operator can be found by integration by parts twice
(equivalently Green’s second theorem)

b d2
(Az,y) = /ﬂ —z(t)y(t) dt (3.2)
d b b b dz
— (Egsc(t)) y(t) - :c(t)a—y(t) a +/ﬂ ‘U(t)'d_ﬁy(t) dt
= (z, A™y)
Therefore,

Da- ={y:y(t),y'(t),y"(t) € L?(a,b), y(a) = y(b) =0} = Da
such that A™ = A.

. Similar to the last example, the Laplacian operator A : L* (Q) —

L% (Q) defined by

(Az) (t) = Vzm(t),
D4 = {z:2(t), Via(t) € L2(Q), z(t)|r = 0},

where I' is the smooth boundary of 2 C R, is such that A* = A.
Indeed, from Green’s second theorem

(Az,y) :/§V2mdﬂ
(2

-__f 7o _ d5+/mv2wn
r \~ On on O

= (z, A%y) .

5. Consider the vector differential operator A : L2 (Q)° — L2 (Q)° de-

fined by
(Ax) (t) =V x V x x(t),
Dy = {x . x(t),V x V x x(t) € L2()°, n x X(t)|r = 0} .



152 3. Introductory Linear Operator Theory

The adjoint operator can be found using the second vector Green’g

theorem
(Ax,y) = [ 7+(V x ¥ xx) df
J
:f((nxx)-(ny)—(nx?)-(V bR
P
+/x-(V><V><37) as?
(2
— (X,, A*Y>:
where

(A'y) () = V x V x y(t) = (4y) (8).
Da- = {y: y(),Vx V x y(t) e L*(@)*, n x y(t)lr = o
— D,

Thus, A* = A. This example can be generalized for a (3 X 3)—tup¥e
dyadic function (rank 2 tensor) y(t) using the second vector-dyadic
Green’s theorem as follows,

(Ax,z>:/§2(VxV><x)-EdQ
:jﬁ((nxx)-(VXz)—(va).(nx@)dS

+/x-(V><V><-_g) dQ
€2

=(x,A"y),
where again we find A* = A. We understand y(t), VXV X y(t) €

L2 (2)**° in the sense that components of the dyadic function and
components of the differential operator belong to L? (Q2), and that

L2 (Q)°*° represents a direct sum of spaces L? ().

6. Consider the vector differential operator (curl) A : L2 (Q)3 s L2 (Q)3
defined by

(Ax)(t) = V x x(t),

Da = {x:x(t),V xx(t) € L2 (), n x x(t)| = 0} .

where D4 is a subspace of H (curl, Q). The adjoint operator can be
found using the vector identity V. (x x y) = Y ' Vxx—x-VXy
and the divergence theorem as

(A*y) (t) =V x y(t),
Da- ={y :y(t),V x y(t) € L @?*1.
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nasimilae manner, the adjoint, of the difforentinl operator (diver-

wenee) A L2 ()" L2 () dofined hy
(AX) (L) = V- x(t),
\ —

D= (X0 € L)' v x(t) € L2 (), 0 x(t)] = 0}

where 1D 418 asubspace of H (div, 2), is found from the vector identity
Vo (Yx) =X Vi) + 4V - x and the divergence theorem as

(A™) () = =V(t),
Da- = {1 1 9p(t), Vap(t) € L? ()} .

Theretore, the formal adjoint'? of curl is curl, the formal adjoint of

divergence is negative gradient, and the formal adjoint of gradient is
negative divergence.

General Procedure for Determining Operator Adjoints

It 1s worthwhile to summarize the procedure for obtaining the adjoint of
a differential operator. Let L be a general differential operator (scalar,
vector, or dyadic) with domain Dy ; the specification of Dy may include
boundary conditions B(z) = n, z € Dy. One applies an appropriate
Green’s second theorem, or related vector identity corresponding to inte-
gration by parts, to the pair z,7, where y is conjugated to account for
the conjugate in the inner product. The domain of the adjoint is deter-
mined by requiring that the “integrated terms” in the Green’s theorem
(1.e., the boundary terms) vanish when the homogeneous boundary condi-
tion B (z) = 0 is enforced (regularity of the functions in D+ is assumed).
T'his homogeneous condition is applied even if the given boundary condi-
tions are inhomogeneous, i.e., if n # 0 |8, pp. 180, 185|, {9, pp. 72-73|. This
leads to conjugate-adjoint boundary conditions B}, () = 0, which are then
converted to adjoint boundary conditions B* on y, B*(y) = B*, () = 0
(adjoint boundary conditions are always homogeneous). The adjoint oper-
ator 1s then easily recognized from the remaining terms. In a real space
the conjugate is omitted.

To generalize this for any linear operator L consider the expression

/Q(La:)ydﬂ — /Qw (L*y) dQ+/J(:c,§) dr, (3.3)

[

which is known as a generalized Green’s theorem |10, p. 870] (for n =
1, 2 is a line segment and the boundary term is replaced with a term

12The formal adjoint is the adjoint without considering the associated domains, i.e.,
concentrating on the formal action of the operator (see Section 3.4).
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involving the two endpoints of the line). The term involving J is knowy,
as the bilinear concomitant or the conjunct, and the operator L™ is calleq
the formal adjoint of L. The domain of L™ 1is determined by requiring
[+ J (@,7) dT = 0 for x € Dy, (again, if B (z) = n # 0, we enforce B (z) = (
in the conjunct) leading to conjugate-adjoint boundary conditions on 7,
which are then converted to adjoint conditions on y € Dp~. With the
conjunct so removed we have (Lz,y) = (z, L*y) as expected. Note that the
conjunct is simply the “integrated term” in an n-dimensional integration-
by-parts procedure.

If L* is a real operator,'® as is often the case, then the generalized
Green’s theorem becomes

L(Lx)gdﬁzfgzz(L*y) dQ+/J(a:j@*) dl’. (3.4)

I’

This form can represent any of the Green’s second theorems listed in Ap-
pendix A.4. For example, if L = V2 = L* (formally) and J(z,7) =
ydx/dn — rzdy/dn where d/dn is the outward normal derivative on T
we then have the standard Green’s second theorem for scalars (substi-
tute A =y to get the usual form without conjugation). In one dimension,
L =d/dt = —L* and J (z,7) = 27 lead to the usual integration by parts

formula. In the vector case (see, e.g., 11, Ch. III] for related material)
(3.4) becomes

/Q (Lx) - 5 d = fg x- (L*y) d) + /F J (x,¥) - dT. (3.5)

For L=V xVXx =L" and J (x,7) = x x Vxy+ (V x x) X ¥, one has the
usual vector second Green’s theorem.

3.4 Self-Adjoint, Symmetric, Normal,
and Unitary Operators

3.4.1 General Concepts

In discussing self-adjoint operators we will naturally restrict our attention

to linear operators A : H — H. We include operators acting on H and on
domains dense in H.

Self-Adjoint Operators

Definition 3.14. An operator A is called self-adjoint if A= A*.

Note by this we mean Da = Da- and A*z = Ay fo; 41 T e Dy =Da-
That is, the operators A and A™ act on the same set of

elements of H, and
13An operator L is called real if Lx = L.
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the nction ol Aand A™ on those clements is identical. Such operators are
nlso-called Hermatian, a name usually reserved for the finite-dimensional
(Mmatrix) case.

Obviously, lor sell-adjoint operators (Az,y) = (z,Ay) for all z,y €
Da = Da-. Moveover, self-adjoint operators belong to a larger class of
symmetric operators. In the following we focus on densely defined opera-

tors, since for this class of operator if an adjoint exists it 1s unique.

Symmetric Operators

Definition 3.15. A densely defined operator A is called symmetric (or
formally self-adjoint) if Ax = A*z for all z € Dy C Dy-.

This is equivalent to (Az,y) = (z, Ay) for all z,y € Dy. It turns
out that for bounded operators the difference between symmetry and self-
adjointness is not important: however, this is not the case for unbounded

operators. 'lo see this we need to introduce the concept of an operator
extension.

Definition 3.16. A [ineqr operator B is said to be the extension of the
linear operator A if D4 C Dp and Az = Bz for all x € Dy4.

It can be shown that if a bounded operator is not defined on a Hilbert
space, but is defined on a linear subspace in a Hilbert space, it can always
be extended to the whole space (see, e.g., [12, pp. 325-326]). For most
purposes then we may take D4 = H for bounded operators A: H — H, in
which case the operator always acts on the Hilbert space and Da~ = H.

Therefore, we conclude a bounded operator A is self-adjoint (at least under
an extension) if it is symmetric.

It 1s clear that every self-adjoint operator is symmetric and that every
bounded symmetric operator is self-adjoint. It is possible for an unbounded,
symmetric operator to be nonself-adjoint, even if it is densely defined, as
the examples in Section 3.3.4 illustrate.

Since in general unbounded operators cannot be extended to the whole
Space, even 1f they are densely defined, then for unbounded operators sym-
metry does not imply self-adjointness. With self-adjointness being a much
stronger condition than mere symmetry, it is fortunate that many differen-
tial operators of interest in electromagnetics are not only symmetric but are
in fact self-adjoint (dynamic problems in lossless unbounded regions being
a notable exception, since radiation conditions don’t lead to a self-adjoint
operator).

Some basic properties relating to self-adjoint operators are given below.

Theorem 3.8. If A : H — H 1is a bounded linear operator, then A*A,
AA*, and A+ A* are self-adjoint.
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Proof. (A*A)* — A*AM = A*A, (AA*)* — A*™A* = AA*’ and
(A+AY) =44 A=A+ A=A+ A* =

Theorem 3.9. Let A: H — H be a bounded linear operator. Then ther
exist unique self-adjoint operators S and T such that A = S + T ang
A* =8 —-1T.

In particular.

S = (A+A4Y)/2
T = (A—A*)/%,

a property used in the method of characteristics [13]. To_ prove that S ‘?md
I are selt-adjoint operators, we use the properties of adjoint operators:

o _ A+ A* *:A*+A** :A+A _s
2 2 2

T*: A——A* *:Aﬂc_A**:A———.A ..'—_‘T
21 —21 21

Note that if A is self-adjoint, then S = A and T = 0.

Theorem 3.10. Let A, B: H — H be bounded self-adjoint operators. The

product operator AB : H — H is self-adjoint if and only if the operators
commute, 1.e., AB = BA.

The fact that (Az,z) € R for a self-adjoint linear operator leads to a
special characterization of its norm (it is easy to see that for H a complex

Hilbert space, if (Az,z) € R then A is symmetric, and conversely if A 18
symmetric then (Az,z) € R).

Finally, we introduce the idea of 2 normal operator and a wunitary op-
erator.

Normal Operators

Definition 3.17. A bounded linear operator A : H — H s said to be
normal if

AA™ = A*A.
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We introduce
A, Bl = AB — BA,
called the commatator ol operators A and 3 [(i]."’ Then the operator A is

normal il |\ -"P] = AA* — N*A = ().

Theorem 3.12. A bounded lincar operator A « H — H is normal if and
only if |81 =0 (5,7 defined above).

Proof. First assume A is normal. Then

A+AT A-A*]  A*A-AAT
2 2% | 21 E

S,T] =

0.

Now assume [S T] = 0. Then [Aj A*] — () by the equation a,bove, hence A
1s normal. m

Theorem 3.13. A bounded linear operator A : H — H is normal if and
only if ||Az|| = ||A*z|| for all x € H.

Proof. First assume A is normal. Then for all z € H, (AA*z,z) =
(A*z,A*x). Also, (AA*x,z) = (A* Az, z) = (Az, Az). Therefore, ||[A*z|| =
Az|. Now assume ||A*z|| = ||Az| for all z € H and show A is normal.
[ndeed, from the above one immediately gets ((AA* — A*A)z,z) = 0 for
all z € H. Since it can be shown that if (Bx,z) = 0 for all z in a complex
Hilbert space H, then B = 0, one obtains AA* = A*A as desired. m

Note that if A : H — H is self-adjoint then it is normal, although the
converse 1S not generally true.

Unitary Operators

Definition 3.18. Let A : H — H be a bounded linear operator. The
operator A is said to be an unitary operator if and only if

AA* = A*A =1,
e, 4* = A,

Obviously, unitary operators are normal. It is easy to see that if A is
unitary, then ||A|| = 1. Furthermore,

|Az||* = (Az, Az) = (z, A*Az) = (2, Iz) = ||z|°,
which, using polarization, is shown to also give

(Az, Ay) = (z,y)

"Y“Operators A and B for which A, B| = 0 are called commuting operators.
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for all @,y € H. That is, unitary operators preserve size, distances, ayp(
angles (more generally unitary operators preserve topological structure)
The range R4 of the unitary operator A : H — H coincides with that of
H in a finite-dimensional space; however, this is not necessarily true in ay
infinite-dimensional Hilbert space.

Examples

1. The operator M : L?(a,b) — L?(a,b), which multiplies f € Ijz(a,b)
by €', where w € R, is a unitary operator.'® In essence, this mul-

N , : . 0 wt
tiplication “rotates” the function f, since if f = |f|e'/, then e™!f
= l f' ei(@f-l-wt).

2. The Fourier transformation operator F' : L? (—o00,00) — L* (—o0, 00)
defined by

F(f) (k) = & [ " f (@) e *da

where —oo < k < 00, is a one-to-one, onto, unitary operator.

3. The operator A : C2 — C?, which rotates x = (z1,22) € C? by

the angle 6 to produce y = (y;,y,) € C2, is a unitary operator with
matrix representation (in the standard basis)

cosf) sind
—sinf cosf |

L,

Figure 3.1 depicts the interrelationships among some of the 0perat01.'s
discussed here. Self-adjoint operators may be further classified as to their
definiteness, as discussed in the next section.

3.4.2 Examples Relating to Self-Adjointness
1. The identity (/z = z) and zero (0z = 0) operators are self-adjoint.

2. The bounded operator A : H — H , represented by the matrix [aij]a

where a;; = (Az;j,z;) and {21, z,...} is an orthonormal basis for H.
is self-adjoint if and only if [a;;] = [@;;], i.e., the matrix representation
of the operator is Hermitian.

3. The multiplication operator A : LQ(Q) —5 LQ(Q) defined by
(Az) (t) = f(t)x(t) '

is self-adjoint if and only if f(t) = f(t), i.e., f (t) is real-valued.

Jewty|*dt = [ |f1*dt = | £

15Tndeed, “eme? =f




e
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normal

self-ad joint
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Figure 3.1: Depiction of the interrelationships among various classes of

linear operators on an infinite-dimensional space. The zero and identity
operators are represented by 0 and I, respectively.

4. The bounded integral operator 4 : L2(Q)™ — L2(Q)™ defined by

(Ax)(t) = / k(t,s) - x(s)dS2,

(2

lezhlere k(t,s) € L? (2 x Q)™ ™ is self-adjoint if and only if k(t,s) =
k' (s,t).

As a special case, the bounded integral operator A : L?(Q) — L4(Q)
defined by

(A2)(6) = [ K(t,s)a(s) o
Q

where k(t,s) € L2 (Q x Q) (Hilbert—Schmidt kernel), is self-adjoint

lfgand only if k(t, ) = k(s,t). Every bounded self-adjoint operator in

L*(Q) can be represented as an integral operator, with perhaps the

kernel k(t, s) considered in the sense of a generalized function.

i} T}le Integration operator A : L%(a,b) — L?(a,b) defined by (Az) (¢)
Jo (s) ds is a linear bounded operator, but it is not self-adjoint.

0. The differentiation operator

(Az) (1) = Z.a(t) = 2'(2)

Da = {z:z(t),z'(t) € L*(a,b), z(a) = 0}
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18 not self-adjoint since

d

(A*x) (1) = —ET(WL)*}

Dps = {a: z(t),z'(t) € L*(a,b), z(b) = 0} .

7. The differentiation operator A : L*(a,b) — L?(a,b) defined by

(Az) (t) = jﬂﬂ)(t) = 3" (1),

D4 = {q, - 2(t), 2’ (t), = (t) € L?(a,b), z(a) = z(b) = 0}

(one-dimensional Laplacian) is self-adjoint as shown 1n the previoyg
section.

8. The Laplacian operator A : L* () — L2 (Q2) defined by

(Az) (t) = V2z(t),
Dy = {:r: : :c(t),Vzm(t) cL*(Q), z(t)|r = 0}

1s selt-adjoint as shown in the previous section.

9. The vector differential operator A : L? (Q)3 — L~ (Q)3 defined by

(Ax)(t) =V x V x x(t),
Dy = {x :x(t),V x V x x(t) € L (Q)Sa n x x(t)|r = 0}

1s self-adjoint as shown in the previous section. The generalization
to a dyadic function gives a self-adjoint operator as well.

10. From the previous section we see that curl. divergence, and gradient
are not self-adjoint, although curl is formally self-adjoint.

11. Electrodynamic problems involving unbounded lossless regions often
lead to nonself-adjoint operators. For instance, let the Helmbholtz
operator A be defined by

Az = (Vz kz) -

DAE{:IJ:.’EECQ(RB),HIHT on likm1 =O}

r—oo | Or
A |

i.e., functions in the domain of A satisfy the outgoing radiation con-
dition i

| Or .

lim 7r Fikz| =0, (3.6)

r— OO 87'

RET R ——r|
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wWhere we assume b € R, 1 IS casy to sce that the operator A is not
self=adjoimt. Indeed., from Green’s second theorem,

Aarcy) / U (Vi + kz:x:) S
JR?

= /R o (V5 + k%) a0 + ?{

v | L.

with the last equality being valid if the boundary integral (conjunct)
vamishes. With @ satisfying the outgoing radiation condition (3.6),

the boundary integral over I'y, will vanish if y satisfies the incoming
radiation condition

Ox Yy
U r— | dl' = (z, A
(7~ ) X = (a. Ay

. Oy
|
oo | By

-

iky| = 0. (3.7)

T'herefore, the operator A is symmetric (formally self-adjoint) but
not self-adjoint, with functions in the domain of the adjoint obeying
an incoming radiation condition which is conjugate to (3.6).

3.4.3 Pseudo Adjoints, Pseudo Symmetry,
and Reciprocity

Pseudo Adjoints

In many electromagnetics problems the most natural form resembling an
mner product is the pseudo inner product (z,y),, described by (2.34). Re-
call that unless the underlying space is real, this is not an actual inner
product, and it does not generate a normed space or associated complete-

ness properties. Nevertheless, we can introduce a pseudo-adjoint operator
AP* : X5 — X, satisfying

(Az, ), 0 = (2, A%Y) 4 (3.8)

ior the operator A : X; — X, where X o are pseudo inner product spaces

(see Section 2.5.2). If X 5 are real spaces, then the pseudo inner product
1s the same as the inner product, and AP* = A*.

As with inner product spaces, we can consider an operator A : X7 — X
to be formally pseudo self-adjoint or pseudo symmetric it

(Az, y)p = (z, Ay>p (3.9)

for all z,y € D4, and pseudo self-adjoint if, in addition, D Aps = Dy.
As an important electromagnetic example, consider the integral opera-
tor (see Section 1.3.4) defined by

(Az)(r) = /Qk(r,r’)w(r')dﬂ".
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To determine the pseudo-adjoint operator, consider
(Ax,y), = / / k(r,r)z(r') dy(r) dS2
P Jala
= [ o) [ ket y(r) a0 49 = (@, 47),
Q Q

(we assume that the order of integration may be interchanged, justified by
properties of the kernel). Therefore, the pseudo-adjoint operator is foupg
to be

(AP*y) (r) ZLk(r’,r)y(r’)dQ’z / kP* (r, v’ )y(r") dS2,

€2

and the pseudo-adjoint kernel is

kP*(r,x’) = k(r', 1)

(recall from the examples in Section 3.3.2 that if we were using an actual
inner product we would obtain the adjoint kernel as k*(r, r') = k(r',r)).

For example, consider the scalar, three-dimensional free-space Green’s
function (1.41),

; e—jk‘r—r’.

r?r — — / — p* I"gI'.
9(r,x) = oy =90 ) =g ()

Forr, r' € Q C R3 we see that integral operators of the form

(Af) () = | glrx) F() a
Q
are pseudo self-adjoint, with bounded (weakly singular and so compact,

kernel g(r,r’). The Green’s function kernel represents an outgoing spherical
wave, as does its pseudo adjoint, while the adjoint kernel

+j k |r—r']

€

glr, ') = 4m |r — 1/

represents an incoming spherical wave, where we assume k € R..

Referring to Example 4 in Section 3.3.2, and using reciprocity of the
free-space dyadic Green’s function'® G(r,r") (weakly singular and so com-

pact for the vector potential (1.72), and singular for the electric field (1.79))

)

16Various free-space dyadic Green’s functions are of interest (e.g., for vector potentials
and for electric and magnetic fields). In all cases we have G'(r ,r’) _ G(r’pr) This
also holds for any inhomogeneous reciprocal medium where_g-}_ di;ectly réﬂte; th.e field
quantity and the source, e.g.,

E(r) == / Q_(I‘,r") e J (rf) Q'
Q
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mchie (vroonde : ‘ ¢ ¢
we see (hat the dyadie Green’s funetion G(r,r') is a pseudo self-adjoint ker-
nel of the psendo sell-adjoint. operator

(Af)(r) = / G(r, ') £(r') dSY.
J ()

While the concept of a pseudo inner product i1s very convenient in elec-
(romagnetic problems, for the complex linear spaces of primary interest it
does not. generally lead to the wide array of powerful analysis tools that
apply to inner product spaces. In particular, the pseudo inner product does
not lead to Hilbert spaces. This is also seen for the matrix representation of
operators on finite-dimensional spaces.!” However, pseudo self-adjointness
Is suficient to prove several Important results (e.g., the stationary nature

of secondary functionals, etc.), and on real spaces the pseudo inner product
I8 a true inner product.

Pseudo Symmetry and Reciprocity

For a reciprocal medium the Lorenty reciprocity theorem (1.20) provides a
torm that is very useful for a variety of applications and exhibits pseudo
symmetry (symmetry under a pseudo inner product) of field operators.
For instance, consider in the vicinity of the origin an inhomogeneous,
anisotropic medium characterized by symmetric dyadics, € = ¢, H= E,_T

(reciprocal medium). We assume the space is unbounded, and as 7 — 0o
the medium becomes free space. Let E;, H; and E5, Hs be the fields caused
by sources Je1,Jm1 and Jeg, I, respectively. Then, (1.20) becomes

<E2 ) Jel>p T <H2 ' Jm1>

— <E1 'J62>p — <H1 ' Jm2> (3.10)

p p

We can think of E (H) in terms of a linear operator Lg (L) that produces
the electric (magnetic) field from current sources!s J e, dm. Let

= — p—

Je?; L Ez’
%__Jm?:_’ Fl___Hz' |
and consider the operator!?
L = - LE _ — - Le:e Le:m ]
X —LH | L _Lm,e _L'm,m ]

1"Indeed, Hermitian matrices (the matrix analog of self-adjointness) have very special
properties (such as real eigenvalues, basis of eigenvectors, etc.), whereas complex-valued
matrices symmetric about the main diagonal, termed complez-symmetric matrices (the
matrix analog of pseudo self-adjointness), do not possess especially useful properties.

'®For instance, (1.86) provides a form for Lggy in the special case of isotropic,
homogeneous media.

'“Using this notation, application of the operators follows the usual rules of matrix
multiplication.
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such that L\I',' — Fh o1

— — e

]-J('E‘{} L("" e JE?: Ez

=3

"Lm.c _Lmjm ‘]*m?' —H,

- 1 L [

Then from (3.10) we have
(LW, W), = (P, L),

such that the operator is pseudo-symmetric. In this case it is obvious that
symmetry under a pseudo 1nner product is simply a statement of reci.
procity. As mentioned previously, for static fields the pseudo mner product
is a legitimate inner product since we deal with real-valued quantities. Ip
this case the operator L 1s symmetric (self-adjoint if the domains are ap-

propriately chosen).
If desired, the two independent Maxwell curl equations from (1.9) can

be written in operator form as

—jwe- —VxI E Y A P
ve=( T o) (B )=o)

which is useful for formal manipulations. Comparing with LW = F, the
operator Ly 18 obviously the formal inverse to L, 1.e., LLy =LyL =1

therefore, L=1 = Lyy. If reciprocity holds, then L, is pseudo-symmetric.

\
;_
!

3 5 Definiteness and Convergence in Energy

3.5.1 General Concepts

Since for self-adjoint or merely symmetric operators (Az,z) € R, certain
further distinctions may be made.

Definition 3.19. A self-adjoint or symmetric operator A: H— H is said

to be nonnegative if
(Az,z) > 0

for all z € H, denoted as A > 0. An operator is said to be (strictly) positive
if (Az,z) >0 for all x £ (0 in H, denoted as A > 0. An operator is said to
be positive definite if there is a constant k > 0 such that

(Az,z) > k ||z||”
for all x € H.

Nonpositive, negative, and negative definite operators can be similarly
defined, and in general we will call an operator definite if (Az,z) ~0 (i e.
,z) Z0 (ie.,

a strict inequality exists). It is clear that positive definite operators are
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also positive, but the converse is pot necessarily true. A symmetric or
self-adjoint operator that doesn’t ft into one of these categories is called
mdefinite. In this case (Axz, z) will be positive for some xz € H and negative
tor other » € H.

An operator A satisfying the definition for positive-definiteness is also
said to be bounded below. An operator A is said to be bounded above if there
1S a constant K such that (Az,z) < K “:L‘HZ for all x € H. An operator on
a Hilbert space is bounded if and only if it is bounded above and below
112, p. 364]. We also have the following theorem.

Theorem 3.14. Let A: H — H be a bounded linear operator. Then, the

operators A*A and AA* are nonnegative. If Ax = 0 has only the trivial
solution x = 0, then A*A is positive.

Pr(2)0f. (A* Az, x) = (Az, Az) = ||A3;H2 >0, (AA*z,z) = (A*x, A*z) =
”Axl'” 2, Clearly, ||AIBH2 > () unless Ax = 0, but this would 1mply
r=0. =

Note that the product of two commuting positive operators 1s positive,
but the product of two positive operators is not necessarily a positive Op-

erator. Furthermore, a square root of a positive operator A 1s a self-adjoint
operator B such that B2 = A

I an operator is not symmetric, then generally (Az,z) € C. In this
case there is a concept related to definiteness.

Definition 3.20. An operator A : H — H is dissipative if, for allx € D,

Im (Az,z) > 0. (3.11)

If A is bounded, then (3.11) is equivalent to the condition that its
imaginary component (A — A*) /21 (See Theorem 3.9) be nonnegative.

In accordance with the desire to make Hilbert spaces analogous to ge-
ometrical spaces, it is worthwhile to note an analogy between operators
on a Hilbert space and numbers in the complex plane. Under this analogy
the adjoint plays the role of complex conjugation, self-adjoint operators are
analogous to real numbers (A = A*), and unitary operators are analogous
to complex numbers having unit magnitude (AA* = I). Also, positive
(negative) operators are analogous to positive (negative) numbers.

Definiteness and Fields

Considering electric currents and using the operator L. ., which produces
the electric field from the electric current, it is clear that

(Le,e']e:']e> — <E7J6> — /Q E(r)-je(r) df?
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has units of watts and represents a complex power density. In general Lig s

1s pseudo-symmetric, and so (L. J.,J.) is generally not even real-valueq,
let alone strictly positive or negative. However, for static fields L., ig

symmetric and (L, .J.,J.) will be definite under fairly general conditions.
For instance, for applied currents J. = J ! (LeeJe,Je) < 0 for a source
supplying power. For induced currents in a passive medium, J. = o¢-E and
(Le,ede,Je) > 0, representing dissipated power.

3.9.2 Examples Relating to Definiteness
1. The identity operator I : H — H defined by Iz = z is a bounded,

self-adjoint positive operator since (Iz,z) = (z.z) > 0 for all z #0
in H.

2. The multiplication operator A L?(a,b) — L*(a.b) defined by
(Az) (t) = f(t)x(t),

?\fhere f(t) is a bounded real-valued nonnegative (positive) function,
15 & bounded, self-adjoint nonnegative (positive) operator. Indeed,

b b
(Az,2) = [ feeyz@ae= [ 5@ o) de > 0
it f(¢) > 0 on [a, b).

1 2],
3. The operator A4 : C2 — (2 with matrix representation [ 2 ] } 13
1

| | T
Indefinite, as can be seen by examining (Az, z) with z = | -1 ]
((A33=IB>=-2<0) and = [ 1 1 ]T ((Az,z) =6 > 0).

4. The differentiation operator A : L4(0, b) — L=(0, b) (with 0 < b < )
defined by

Da =1z :2(t),a/(t),2"(t) € L2(0,b), 2(0) = 2(b) = 0}

1s an unbounded, self-adjoint, positive operator. To see this, consider

b
i 2 o= — /0 " (2(@) dt

b b
= —2'(t)2(®)|_+ / () dt = [ @R > 0

showing that A is at least nonnegative. Because z(0) =

z(t)[* = /Ot ' (1) dr 2 < /Ut 1*dr /Ot 2’ (7)|* dr < t]: 2’ (7)|° dr.
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Therefore.

5. The negative Laplacian operator A4 : L2 () — L2 (Q) defined by

(Az) (t) = —V?z(t),
= {z:z(t), V3z(t) € L?(Q), z(t)|s = 0}

3
il

1S an unbounded. selt-adjoint, nonnegative operator. Indeed, from
the first scalar Green s theorem

/ TV dO

(Az, x)

H

?g T ———dS_L/ VT -VrdD =/ |V.-1:‘|2 dS2 > 0.
Q

6. The vector differential operator A : L* (Q)‘3 — L? (Q)3 defined by
(Ax)(t) =V x V x x(t),
Dy = {x - x(t), V x x(t),V x V x x(t) € L* (9)3 ,
nxx(t)ls =0}

IS an unbounded, self-adjoint, nonnegative operator. To see that the
operator A is nonnegative, consider the first vector Green’s theorem,

(Ax, x)

|

/iwvvamdQ
Q)

|

—f(nxi)-(Vxx) dS-I—/(VXX)-(VXX) dS 2
S 0

/\Vxx|2dQ_>_0.
(2

3.5.3 Convergence in Energy

We previously introduced the notion of strong and weak convergence for
mner product spaces (see Section 2.5.3). Recall that a sequence of elements

T1,T2,... 1In an inner product space S is said to be strongly convergent to an
element z € S (denoted z, — r) if ||z, — z|| — 0, and weakly convergent

to an element x € S (denoted as z, = £) if (Zn, Y) — (z,y) for all y € S.
For positive operators (and positive definite operators as a special case)
we can introduce another measure of convergence by using a special inner
product and norm called the energy inner product and energy norm 4.

p. 91].
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Definition 3.21. Consider a positive operator A : H — H. The energy
inner product is a mapping H x H — C that associates, for a gwen A, 4
ordered pair x,y € D4 with a scalar denoted by

(z,y), = (A, y) (3.12)
obeying the usual properties of an inner product.

Since the energy inner product obeys the usual inner product rules, it
induces a norm, called the energy norm. Denoting the energy norm as
|z||., we obtain

lall, = \/(z, %), = V/{Az. ). (3.13)

We define the Hilbert space H., associated with a particular positive
operator A, as an energy inner product space complete in the norm ]|
Within this space we have the concept of an orthonormal set,

(T, Tm), = Onm- (3.14)

An orthonormal set {z,} is a basis of H, if each y € H. can be written in
a unique way as

WE

Yy = (yﬂwTI)e:Eﬂ‘

|

n=1
Because ||33“§ = (Az,z) > k ||z||* for positive definite operators, it Is
easy to see that

lzll <

1
N Iz|| -

Now we are ready to define the concept of convergence in energy.

Definition 3.22. A sequence of elements 1, x5, ... in a Hilbert space H

15 said to converge in energy to an element r € H (denoted Tn = z) if
”'TH o x“e —# U,

We have the following interrelationships among convergence.

Theorem 3.15. Assume ||Az,|| is bounded. Then

a. strong convergence implies convergence in enerqy

b. convergence in enerqy implies Az, % Ax.

c. if A 1s positive definite, convergence in energy implies strong conver-
gence.

Proof. (a) [lzn — z|l; =[{A(zn — 2), (zn — 2))| < | A(z,, — 2)[(z, — 2l
= [[Azn — Az|| |zn — ]| < (|AZn|| + | Az])) 20 — ). Since ||z, — 2| — 0
by strong convergence, and ||Az, || is bounded, thep |z, — z| : 0.

(b) [|zn ~ ]2 — 0 from (a) implies KA(zn ), (z, _ 1\ _, 0 for
x € H, which leads to Az, 5 Az as z, — T

(c) Because ety — z|| < (l/ﬁ) |zn — x”e? (c) is Proved. g
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3.6 Compact Operators

3.6.1 General Concepts

Compact (completely continuous) operators comprise an important subset
of bounded operators, especially within the theory of integral equations.
Compact operators are operators that have a finite-dimensional, or an al-
most finite-dimensional. range. In infinite-dimensional spaces compact op-
erators have the simplest properties of all infinite-dimensional operators.
T'his is especially true when one considers the spectral theory covered in the
next chapter, where it is shown that the basic elements of spectral theory
for compact self-adjoint operators are similar to those from the spectral
theory of matrix operators. Also note that the theory of linear compact
operators 1s a generalization of Fredholm’s theory of integral equations. In
particular, compactness is a very important concept in formulating bound-
ary value problems of applied electromagnetics leading to Fredholm integral

equations. The solution of operator equations involving compact operators
s discussed in a later section.

Definition 3.23. A bounded linear operator A : Hy — Hg 1S compact™ if,

for each bounded sequence {T,} C Hy, there is a subsequence {xp,} such
that { Az, } converges in Hsy.

Note that every compact linear operator is bounded, but the converse 1S

not necessarily true (for example, consider the identity operator). It can be
shown that every linear bounded operator with finite-dimensional range*'
1s compact. Therefore, necessarily, A : C* — C™ is compact (e.g., matrix
operators are compact).

[nformation on the range of a compact operator is given in the following.

Theorem 3.16. Let A - H, — H, be a compact linear operator. Given
any € > 0, there exists a finite-dimensional subspace M of Ra such that

inf{[|[Az —m||} < e||z]
fO?"m = A’I, 7 il Hl-

Therefore, the finite-dimensional subspace M is very close to (in a sense
within € of the possibly infinite-dimensional) R 4.

T'he next theorem provides some interesting properties of the important
operator I — A for A compact; these properties are useful for considering
solutions of second-kind operator equations.

Theorem 3.17. Let T = I — A, with I the identity operator on a Hilbert
space H, and A : H — H a compact operator. Then

! frequently used alternate definition is that an operator A is compact if it maps
any bounded set of H; into a compact seil: (i.e., one l}aving compact closure) of Hs.
21 A linear operator with a finite-dimensional range is also called a finite-rank operator.
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a. Np, Np.« are finite-dimensional and have the same dimension.
b, H ~ By = Ny, B — B = Nv.

c. Rp = H if and only if Np = {0}, and Ry~ = H 1if and only if
N« = {0}.

d. Rp, Rp. are closed subspaces of H. |

Thus, the operator I — A for A compact has particularly nice geometri,
properties.
We will state without proof some properties of compact operators.

e Let A, B: H, — H, be compact linear operators and C' : H3 — H,,
D : Hy — H; be bounded operators. Then A + B, AC, and DA are

compact linear operators.

In practical applications it is sometimes convenient tO represent
an operator as a product of operators. Compactness is then shown for

the product operator by simply showing that one operator 1s bounded
and the other is compact. Also, the fact that A+ B is compact isoften |

used in the theory of integral equations (for example, see [14, p. 346))
In general, any linear combination of compact linear operators is also

a compact operator.

e An operator A : H; — H, is compact if and only if its adjoint
A* : H, — Hj is compact. If AA* is compact, then A is also compact.

e Let {A,)}: H — H, be a sequence of compact operators. If

HAH B AH — 0

for some A : H; — H,, then A is compact (this important property |
is often used to prove compactness).

The above property provides insight into the fact that compact oper-
ators either have finite rank or are nearly finite rank, since the limit of a
sequence of finite-rank (and hence compact) operators is compact. Fur-
thermore, any compact operator in a Hilbert space can be approximated
in norm arbitrarily closely by a sequence of operators of finite rank [15.
p. 507]. In fact, on a Hilbert space, and most Banach spaces [16, pp-
183-184], a compact operator can be expressed as the sum of a finite-rank
(degenerate) operator and an operator with a small norm.

The next property is also useful for proving compactness [12, p. 358].

e If A isacompact operator in H, and {z,} is an orthonormal sequence
in H, then lim,,_,., Az,, = 0.

It is also seen that compact operators are very well behaved when ap-
plied in the “forward direction.”

a
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e An operator A is compact if and only if z, — z implies Az, — Ax.

Recall that this means that if A is compact, weak convergence, i.e.,

(xn,y) — (z,y) for all y € H, implies strong convergence, ||Az, — Az| —
0. As an example, for a sequence of functions {z,(t)} in L%(a,b) with the
usual inner product, weak convergence

b 1/2
(/ | Az, (t) — Az(t)\zdt) — 0.

Thus, while bounded linear operators map strongly convergent sequences
into strongly convergent sequences (and for operators boundedness is equiv-
alent to continuity), compact linear operators map weakly convergent se-
quences into strongly convergent sequences. Compact operators can then
be thought of as, in a sense. strongly bounded operators, or equivalently,
strongly continuous operators—hence the name completely continuous op-
erators. However, the inverse of a compact operator is unbounded, as shown
in Lheorem 3.37, and this fact presents some difficulties in applications.
Finally, we have the following.

* An operator A is compact if for any sequences z, and y, weakly
converging to x and y (z,, — z, y, — y) the inner product (Az, y)
Is a weakly continuous function of z and y such that

im (A%, Un) = {A2, 9},

n—0og

3.6.2 Examples Relating to Compactness

1. The identity operator ([z = ) on an infinite-dimensional space 1S
bounded but not compact (I is compact only on a finite-dimensional
space), but the zero operator (0x = 0) is compact. The fact that
the identity operator I is not compact is relevant to the theory ot
Fredholm operators represented in the form I — A, where A is a
compact operator, leading to the existence of the bounded inverse

operator (I — A)™".

T —

*2As a concrete example, on H = L?*(0,7) the sequence {zn} = {sin(nt)} con-
verges weakly to 0, i.e., foﬁ' (sin(nt) —0)y(t)dt — 0 for y € H (try y = 1 or
Yy = t as a simple test). The sequence does not converge in norm to 0, since

(fgﬂ (Siﬂg(nt) — 0) dt)l/ 2 — ,/m/2. However, subsequent to application of the compact
—cos tn

Operator (Azx) (t) = fot z(s) ds we have {Azn} = {= ——}, which converges strongly

1/2
to 0, i.e. fb | — ESEER—L _ O%dt — 0,
: a

Ty
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2. The operator A : 12 — 1° corresponding to the infinite matrix [q;;]
where )"~ Zil la,t-jlg < 00, is bounded and compact®® in 12, The
proof is based on the previously stated criterion that a sequence of
finite-rank (compact) operators A, is convergent in the 1 norm tq
the operator 4 such that ||A, — A|| — 0 [17, p. 86]. As a spe.
cial case, the operator corresponding to an infinite diagonal matrix
diag[A1, Ay, A3, ...] for which A, — 0 as n — oc is compact (and
self-adjoint if all \’s are real-valued).

3. The multiplication operator A : L?(Q) — L?*(92) defined by
(Az) (t) = f(t)z(t)

is a bounded linear operator (assuming k = maxgeq | f(t)| < o0) that
Is not compact (unless f =0) [17. pp. 87-88].

4. The integral operator A : L*(2)™ — L?(2)™ defined by

(Ax)(t) = / k(t.s) - x(s) df2.

Ja
where @ C R"™ with k(t,s) € L2(Q x Q)™ (in the sense that
each component of the (m x m)-tuple dyadic kernel k(t.s) belongs
to L?(Q x Q)), is bounded, and it is compact if and only if each
component of the integral operator (Ax)(t) 1s compact in L%(92).

As a special case, the integral operator A : L*(€2) — L*(9)
defined by

(Az)(t) = / k(t, s)z(s) dO

Q)

with k(t,s) € L? (Q x Q) is bounded (Hilbert-Schmidt kernel. ||A|| <
|k||]) and compact.24

A Hilbert—Schmidt kernel k(t,s) may itself be (and often is) un-
bounded as a function of t and s. yet it always generates a compact

operator (more generally, all Hilbert—Schmidt operators are COIl-
pact). Also, the conditions for a kernel to be Hilbert—-Schmidt are

sufficient, but not necessary, for an integral operator to be compact.

| This example can be also generalized to show that a bounded
in LP(Q2) (1 < p < o0) integral operator A - LP(Q)) — L?(Q) with
|A[| < [|k|| and ||k||P = fg fg k(t,s)|” dO, d{); < oo is compact.

23 o oo oo o 2 )
The condition ) , 7, j—1 laij|” < oo for compactness of matrix operators from I°

into 1 is often used in applications. However, this condition is a very strong one, and
it i1s not necessary that every compact operator from 12 intg ]2 satisfy this condition.

24The proof of compactness is based on the approximation of ||k|| by a sequence of
continuous degenerate kernels kn (%, s) such that ||k — kn|| — 0 and the fact that finite-
rank operators A, are compact. Using ||A|| < ||k|| for a bounded Operator, ||A—A,|| <
|k — kn|| — O, then A, — A and A is compact (for a complete proof, see [16, p. lSéj
and [4, pp. 155-158]). |
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5. The integration operator A : [,%(,, b) o LA, b) dedfined by (Ar) (1) =
t .. ,
[ z(s)ds is compact.

(1

6. The weakly singular integral operator defined by

(Af) (s) = “LH,,),, f(t) dS2.
Jo |t — 8|
where 2 C R™",0 < m < n, and k(t.s) is bounded on (1 x €1, is

compact in L? (Q) 4, p. 160]. This also holds for integrals of the
form

(Af)(s) = [ FE3) pie)ar

where T is a smooth n-dimensional surface in an (n + 1) dimensional
space.

T'herefore. the usual free-space Green's function kernel

e~ 1kt —s|
§) = —
9(t.s) = 47|t — s|

In a bounded region 2 C R? generates a compact (nonself-adjoint)
operator

(Af) (s) = /Q g (t.s) f(t) dD

. ” - " . . [ -
in L% (Q). Similarly, in two dimensions the Green’s function

.
g(t.s) = EH}{*’(A: t — s|)

generates a weakly singular (H(()z) (r) ~ In(z/2) as T — 0) compact
integral operator in L? (Q2), Q2 ¢ R*. However, if the kernel has the
form of sufficiently many derivatives of ¢, then the resulting operator
will not be compact.

Note if 0 < m < n/2, then the operator with a weak singularity
is a Hilbert-Schmidt operator in L* (€2) such that

// th dQ e
t -

Also note that the one-dimensional Cauchy singular operator

___/ fit)
r |t —s|

1S bounded in LP (I') for 1 < p < oC but not compact in L” (I').
However, the operator

A(gf) — gA(f) = /F g(% :il(S) f(t)dt
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is compact in LP (I') , where ¢(t) is a continuous function on I' (T j

a sufficiently smooth (Lyapunov) curve). This is an important regy]t
1in the theory of one-dimensional singular operators.

7. The operator A : L? (Q)3 — L~ (Q)3 defined by
i e-—ik‘r—r"‘ J

(AJ) (r) = /n x |V x J ()| dS’,

. 47 |r — r'|

-

which arises from the magnetic field integral equation (1.118), is com-
pact (14, pp. 346-348].

3. Consider the integral operator A : L?(—a,a) — L?(—a, a) defined by

a

(Az)(t) = / z(s)k(t, s)w(s)ds

—a

with the kernel k(t, s) = In |t —s| and with the weight function w(s) =
1/va? — s2. The operator

a

(Az)(t) = f z(s) It — s| ds

» Va2 — 52

is compact in L*(—a, a) and, moreover, In |t — s| is a Hilbert—Schmidt
kernel with respect to the weight function w such that

/“ t_ Mmjt-sf
—a J —a \/GZ_SQ\/a?—-tZ ° = o

9. The integral operator A : C(Q2) — C(Q), defined by

(A2)(6) = [ K(t,)a(s) ds,

()

where Q C R™ and k(t,s) € C (2 x Q), is bounded with

1Al = 133@{[) k(t,s)| dQ

essuming ||k} = B8k fﬂ k(t,8)| ds < oo Also, Suppose that there
are constants ¢ and m < m such that

|k(t,s)| < clt —s[™™

for t,s € Qand t # s. Then, Alis compacé: in C(Q). The proof is based
on the Arzela criterion for a compact set (see Section 2.2.2; also [161
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10.

pp. 181-182]).%°> If Q is not bounded. then A : C(Q) — C () is
a bounded operator that is not compact. This is important in the

analysis of Fourier integrals and convolution-tvpe operators with the
kernel k(t.s) = k(t — s).

Consider the operator A : H'™) — H™) gjven bv a matrix of operators
Ai; : H — H such that

*411 *"11‘2 fhn
A21 A2z A2
A=
f"lnl =4r1‘2 T flnn
where H'") = Ha H a ... 2 H (n times) and H may be infinite-

dimensional. The operator A : H'"' — H'" is compact if and only
if each operator A,; : H — H is compact. Many problems of applied
clectromagnetics lead to a coupled system of integral equations where
an operator can be represented by a matrix of individual integral
operators. Usually, if diagonal operators A,, are compact, then off-
diagonal operators A,, (i # j) will be compact as well.

3.7 Continuity and Compactness of Matrix

Operators

In this section we present some criteria governing properties of continuity
and compactness of matrix operators defined on sequence spaces. In partic-
ular, this becomes useful when a problem 1s reduced from a function space
to a matrix level. There are important theorems for matrix operators that
can be directly applied to electromagnetic problems to justify existence
and uniqueness of solutions by means of properties of matrix operators. In
addition, it is often easier to work with matrix operators than with the
corresponding operators on the level of a function space.

25Basically, to show that the integral operator A is compact in C(a, b) it is sufficient
to prove that the following conditions are satisfied for its kernel k(t, s):

b

max |k(t,s)|ds < oo,
a<t<b

b
lim/ k(t +6,s) — k(t,s)|lds =0, a<t<b.
6—0 a
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3.7.1 Matrix Operators in 1°

A sufficient condition for compactness of A : 12 — 17 corresponding to the
infinite matrix la;;] is discussed in Section 3.6.2. Example 2.

ZZlﬂijiz < DO (313

& B >
i=1 j=1

which is a strong criterion in the sense that not every compact operator
will satisfy this condition. In general. operators that meet the require

ment (3.15) are Hilbert—-Schmidt- and Fredholm-type operators with finite
absolute norm.

For the special case
2 xC
1 2 ) il
Zz}ﬂi_}i < 1. (a.10)
t=1 =1
there is a theorem related to solvability of matrix equations ot the second

kind, (1 — A)z =y [17].

Theorem 3.18. The infinite system of equations

K
3=1

1 =1,2,..., where elements of the matrix [am are such that (3.16) is salis-
fied, has a unique solution € = (&1,&2,...) m 1= for everyy = (y,y2,...) ©
1. The truncated system of equations

J:
1 = 1,2,...,n, has a unique solution (:1:%”),_,_?1{1”)) and, furthermore.
(acgn), 2 ,$£1n), 0,0,...) converges to € in 1% as n — ~c.

In problems of applied electromagnetics where the solution is restricted

by a finite energy condition, such that the sequence space 12 is encoun-
tered for the coefficients in an eigenfunction expansion (see Example 2 in
Section 2.1.3), a sufficient condition for compactness of a matrix operator

A : 12 — 12 can be written as [18], [19]

ZZM:}IZ — < 0O0.

i=1 j=1 J

Other conditions for continuity and compactness are discussed in 20]
For example, consider a matrix operator A : ]

— 12 corresponding to an
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infinite matrix of elements [a;;]. Then

O

o0 o0
|Az|? = ) aije;@uge < sup Y lagal||z|* = cllal|®

where ¢ = SUP;<g oo Z;’il > 21 laijaik|. The operator A : 1 — 12 is
bounded (continuous) if ||A|| < ¢, which results in the condition

1/2

1Al < | sup > D aijaix| | < oo (3.17)

1Sk<00 51 =1

The matrix operator A : 1° — 12 is completely continuous (compact) if, in
addition to (3.17), we also have

Al = Zim sup 33" fayaul =0 (318)

80 1<k<oo -

The following lemma, gives a criterion for boundedness of A : 12 — 17
120].

Lemma 3.19. (Schur) Assume that [a;;] = [aj;] and sup; ) .~ |ai;| < c.
Then the matriz operator A : 12 — 1? is bounded, such that ||Al|| < c.

Proof. For a symmetric operator Az = A*x it can be shown that

(Az,2) | = 3N agam| < swp Y laglllel < cllal|

Therefore, ||Al| < c. =

The criteria for continuity and compactness of matrix operators in 17
discussed here have been used in the analysis of various electromagnetic
problems leading to an infinite system of linear algebraic equations of the
second kind. See, for example, [21]-|29], among others.

In the next section we summarize some useful theorems for continuity
and compactness of matrix operators acting in different sequence spaces.
dome applications of these theorems are shown in Section 9.5.

3.7.2 Gribanov’s Theorems

According to (30], we can define a class of continuous matrix operators
S — 12) that continuously map the sequence space 1! into 12, Within
S(I' = 12) we define a class of completely continuous (compact) operators
V(}* s 1), such that V(1! — 12) C S(1' — 1?). For a matrix operator A
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corresponding to an infinite matrix with elements a;;], we define a maty,
operator A;; as

a1l ai2 ai; 0 0

a1 A22 a2; 0 0

A'i.'i. = a1 ;2 A g 0 0
0 0 0 0 0

0 0 0 0 0

Definition 3.24. A matriz operator A € S(1' — 12) is called w-continuous
of

1—CO

The class of w-continuous operators is denoted by V(w,1* — 1°), and
V(iw, 11 -12) CV({1 - 12).

Classes of continuous S(I' — 12), w-continuous V(w,1! — 1?), and
completely continuous V(I' — 1¢) matrix operators can be generalized to
S(1* - 1?), V(w,I'! - 17), and V(1! — 1), p > 1, respectively, and other
sequence spaces used 1n the theorems to follow. Below we summarize some
of the theorems presented in [30] for continuity and w-continuity of matrix
operators acting in certain sequence spaces.2°

Theorem 3.20. If a matriz operator A is w-continuous from 1* into IP for
p>1,ie, AcV(w ' - 1P), then A is a completely continuous operator
from I into 1P, Ac V(I' = IP), and V(w,1'! - 1P) Cc V(11 — IP).

(a) A matriz operator A is continuous from 1' into 1P, A € S(1* — 1),
if and only if

(b) A matriz operator A is w-continuous from 1' into 1P, A € V(w,1' =

20 A criterion for compactness of a matrix operator A acting in 12 has been introduced
by Gilbert in [31],

0o 0o k

k
2N
2 2 Qi TjlYi — E E Qi TjYi| = 0,

1=1 7=1 1=1 Fe==1

lim sUp sup
ke — 00 00

w2 & Z‘x' 2
i=1 "Lj—] =1 y'i _{.1

and was generalized by Gribanov [30] for a class of w-continuous matrix operators In
arbitrary sequence spaces.
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1?), if and only if %7

OO
|A|| = lim sup Z\a?ﬂp:
k:-——}ookg‘j(m 1

The next theorem concerns properties of matrix operators in the space
of bounded sequences 1°° [32], [30].

Theorem 3.21. If a matrix operator A is w-continuous from 1°° into 1°,

A e V(w1 — 1%°), then A is a completely continuous operator from 1°
into 1°, A € V(I° — 1°°), and V(w,1® — 1°) C V(I*° — 1°).

(a) A matriz operator A is continuous from 1° into 1°, A € S(1° —
1°°), if and only if

|A|l = sup Z aij| < 00,

1<1<o0 F=1

(b) A matriz operator A is w-continuous from 1° into1°, A € V(w,1%°—

*), if and only if

|A|| = lim p Z‘awl_o

k— 00 k<i<

The next theorem gives criteria for matrix operators acting from 1%
into 1°°.

Theorem 3.22. (a) In order for a matriz operator A to be a continuous
operator from 1* into 1°, A € S(I! — 1), it is necessary and sufficient
that '

|A]| = sup |aij| < .
1<12,7 <00

*TA particular case for the compactness of A : 1! — 1! is discussed in [17], such that

& @
|Al] = lim  sup Z laij| = 0. (3.19)

Note that Gribanov’s theorems for continuity and w-continuity presented in this sec-
tion, and the above criterion (3.19) for compactness of A : 1! — 1!, represent neces-
sary and sufficient conditions for continuity and compactness of matrix operators acting
in certain sequence spaces. Similar to the sufficient condition (strong condition) for
compactness of A : 12 — 12 (3.15), there is a sufficient condition for compactness of

A:1l - 11
oo o0
E E laij| < oo. (3.20)

This condition is much stronger than ( : 9), and not every compact matrix operator A:
1! — 1! satisfies condition (3.20).
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(b) In order for a matriz operator A to be an w-continuous operat,,
from 1! into 1°, A € V(w,1! = 1%°), it is necessary and sufficient that

lim sup sup |a;;| =0,
k—00 1<j< 00 k<i<oo

lim Sup sup ‘a'tjl == (),
k—00 1<i< 00 k<j< o0

Finally, there is a theorem for continuity and w-continuity of matrix
operators acting from 1? into 1°°, p > 1.

Theorem 3.23. If a matriz operator A is w-continuous from 17 into 1
A e V(w, P — 1), then A is a completely continuous operator from I?
into 1°, Ae V(I?P = 1°), and V(w, 1P — 1°) C V(IP — 1*°).

(a) A matriz operator A is continuous from 1P into 1°°, A € S(IP — 1%),

if and only if
1/q

JAll = sup | ) laiyl?| < oo

where q 15 given by the relationship 1/p+1/q = 1.
(b) A matriz operator A is an w-continuous operator from 1P into 1%

A e V(w, 1P — 1), if and only if

|A]| = lim sup Z @t =10,

k—00 [<i< oo =1

The properties of continuity and complete continuity (compactness) of
matrix operators based on Gribanov’s theorems, in connection with prob-
lems of uniqueness and solvability of infinite systems of linear equations,
were extensively studied and reported in the Russian and Ukrainian liter-
ature; see, for example, [33]—(38].

3.8 Closed and Closable Operators

In this brief section we discuss, for completeness, the concept of closed and
closable operators.

Definition 3.25. The operator A : Hy — Hs acting on a domain D4 1s
said to be closed if, for {z,} C Da, z, — = and y, = Az, — vy, then
x € Dy and y = Ax.

In some sense, the property of being closed is a weak form of continuity.
For instance, let A be continuous and let z,, — z, i.e., lim,,_,o, 2, = .
Then, Az = Alim, o 2y = limy, o Azy, such that we can apply A term
by term (we can interchange A and the limit operator), and the resulting

|

l
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sequence will converge. Now, assume that A is merely closed and that z,, —
v. If A is applied term by term and the resulting sequence Az, converges
to something (it need not), then Ax = Alim,, o T, = limy, o0 ATy,.

To summarize, we can freely interchange continuous operators and lim-
its. We can interchange closed operators and limits as long as the sequence
obtained by the term-by-term action of the operator converges. It can be
shown that adjoint operators are always closed, from which it follows that
self-adjoint operators are always closed.

Alternatively, an operator A : H; — H, is closed if its graph, defined
to be the set of pairs

I'(A) = {(x,Az) :x € Dy},

is a closed subspace of H; & H>.
If T'(A) is not closed, then it may have a closed extension (the require-

ment is that I'(A) be the graph of an operator). In this case the operator is
said to be closable. It can be shown that symmetric operators are closable.
Furthermore, every continuous, i.e., bounded, linear operator is closed, but
not every closed linear operator is continuous. For example, derivative
operators are often closed, but are not bounded.

Some properties related to the concept of a closed operator are the
following.

e A closed operator on a closed domain 1s bounded.
e A closed operator does not necessarily have a closed domain or range.

e The null space of a closed operator 1s closed.

3.9 Invertible Operators

3.9.1 General Concepts

The idea of an operator inverse arises naturally from the operator equation
Az = b, where one wants to solve for x given A and b. Division by an oper-
ator is not defined, but if A possesses a continuous inverse A~!, then this
equation has a unique solution, x = A~ 1b, and this solution is a continuous
function of b. Although in practice this is not the method by which one
would numerically solve an equation of the form Az = b, the concept of an
inverse is a very important analytical tool in the theory of linear operators,
both on finite-dimensional and infinite-dimensional spaces.

Definition 3.26. An operator A : Hy — Hj is said to be invertible if there
erists an OPBT&tOT' A_1 . Hy — H; such that

A7 Az =z,
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for all x € Hy, and
AA Yy =y

for all y € Hy. The operator A~ is called the inverse of A.

Note that A=1A = I, the identity operator of H;, and AA~! — L
the identity operator of Hj. It is easy to see that if an inverse exists, it i
unique.?®

We can also observe that if A : H; — Hj is invertible, with the inverg
given by A~! : Hy — Hy, then A™' : H, — H; is invertible, with th
inverse being A : H; — Hs.

Next we characterize some properties relating to invertible operators

Definition 3.27. An operator A : Hy — Hs is said to be one-to-one (in-
jective) if no two distinct elements of Hy are mapped to the same element

Ong.

This states that A : H; — Hj 1s one-to-one if and only if Az, # Az,
whenever 1 # z2 for z1,29 € H;.

The next theorem presents an important statement concerning one-to-
one linear operators.

Theorem 3.24. A linear operator A : Hy — Hjy is one-to-one if and only

if Na = {0}

Proof. Assume A is one-to-one and let z € N4. Then Az = 0, but
AQ = 0, and since we assumed A is one-to-one, then x = 0 and so N4 = {0}.
Now assume N4 = {0}. We need to show that if two points z,zy € H,
map into the same y € Hy, then z; = z5. Indeed, Az; = Az, implies
A(z, — z2) = 0, which in turn implies (z; — z2) € Ng = {0} . Therefore,
Ir1 = I9. 1

If Ny = {0} then A is said to have a trivial null space.

It seems obvious that if an operator is not one-to-one then it cannot be
(uniquely) invertible. Indeed, one-to-oneness is a necessary condition for
an operator to have an inverse. Necessary and sufficient conditions for A
to be invertible are given next.

Theorem 3.25. An operator A : Hy — Hj 1is invertible if and only if it is
one-to-one and onto (Ry = Hj).

Such an operator, which is one-to-one (injective) and onto (surjective),
is said to be bijective. From the above it can be seen that if A : H, — H>
is onto, then it is invertible if and only if Az = 0 implies 2 = 0.

*®Let two inverses of an operator A be denoted by A 1 and A;l} el 4 B sy pikiit
of Hy. Then ATy = AT Ly = AT AAS 'y = LAYy = oty
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For matrix operators we have the following useful criterion. A matrix
operator A : C" — C" having entries ai; € C is said to be strictly diago-

nally dominant it
Tt
> lag| < laiil
j=1

j#i

fort=1,2,...,n. In this case we have the following theorem.

Theorem 3.26. If A : C* — C" is strictly diagonally dominant, then
A~1:C"* - C" exists.

Proof. Let A : C* — C" be a strictly diagonally dominant matrix,
and suppose that the inverse does not exist. Then, there exists 0 # x € C"
such that Ax = 0. We therefore have 2?21 am;x; = 0 for any 1 < m <

n. Let z,, = maxj<i<y |7;|, and write GpmTm = —ET}? iy, LHGH,
IFm
amm| |Zm| = |D]5=1 am;iz;| < |2m| D =1 |am;|, which contradicts the
j#Em #m

assumption on diagonal dominance. m

Basic Properties of Inverses

An important theorem in functional analysis is the following for bounded
operators, which is typically cast in terms of Banach spaces.

Theorem 3.27. (Open mapping theorem) A continuous bijection of one
Banach space onto another Banach space has a continuous inverse.

A merely one-to-one mapping (not necessarily onto) would perhaps
seem to be invertible, yet the inverse can act on elements of Hy that can
not be “reached” from H;. One remedy of this problem is the restriction
Ds-1 = R4. Such an operator is intrinsically one-to-one and onto. In the
following, when we state that the operator A : H; — Hjy 1s invertible, we
implicitly assume either that A is onto or that we are defining the domain
of the inverse in a meaningful way. In this way the convenient conclusion is
that an operator A is invertible if and only if Az =0 implies x = 0. Note
though that unless D 4-1 = R4 = Ha, the open mapping theorem does not

necessarily apply.

Theorem 3.28. If A : Hi — Hjy 1s an invertible linear operator, then
A=Y H, — H; is a linear operator.

Proof. Let y; = A, y2 = Axa, where 21,25 € Hy. Then A7 (y1 +
) = A~ (Ax, + Axp) = A7 A(z1 + Ta) = X1 + Xp = A""lylr + A 1y,
Similarly, A= (ay;) = A (aAzy) = A—lA(CEiL'l) =az1 = A 7y, =
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is a linearly independent set, then {Ax1, Azo, ..., Az, } C H2 15 a lme&r{y
independent set.

Proof. Assume oy Az; + asAzs + -+ - + anAx, = 0: then Aoz,

Qoo +- - ~4anty) = 0. Because A is invertible, (ajxi1+ a2T2+ - F0nlTy) s

0, which implies a; = a3 = --- = a, = 0 since {z, } is a lineE_‘uﬂ}' Indepey.
dent set. Then we see that {Ax;. Azs.....Ar,} are linearly independey;
.

Theorem 3.30. If A: HH — Hy and B : H, — H3 are invertible. ther
BA : Hy — Hj is invertible with (BA)=! = A='1B~*.

Proof. If A and B are invertible, (A~*B~1)(BA) = A~ (B~ 'B)!
— A=1I,A=A"'A =1I,. Then clearly BA is invertible ((BA)" ' (BA) =1
and (BA) (BA)™' = I;) with (BA)"1 = A~ 1B~ 1. =

Theorem 3.31. If A is a positive definite invertible operator, A~" is pos
itive definite.

Proof. Consider Az = y for all y € D4-» and some = € H. Then
(A7 y,y) = (A Az, Az) = (x, Az) > 0 (since A is positive definite).

Theorem 3.32. If A is closed and A~ erists, then A~ is closed.

Proof. Consider a sequence {y,} C R4 such that lim,, .y, =yand |
limn oo Tn = limpoo A7 'y, = z. To prove that A™! is closed we need |
to show that y € R4 and A~'y = z. Since A is closed, lim,, ..y, = I

and limy,_,c n = z, then 2 € D4 and Ar = y. Therefore. y € R4 and
A~y = z (the inverse of A exists). m

Theorem 3.33. If A is closed and A~ exists, then R4 is closed if and
only if A= is bounded.

Proof. First assume that A~! is bounded and prove that R 4 is closed.
Consider a sequence {y,} C R4 such that lim, . y,, = 3. The fact that
A~ is bounded shows that z,, = A~ 'y, is a Cauchy sequence such that
limp, o0 Zn = @ with {z,} C D4 and lim, . Az, = y. Since A is closed
(according to the definition, z € D4 and Az — y), this leads to the con-
clusion that y € R4 and therefore R4 is closed.

Now we assume that R, is closed and prove that A—1 ig bounded. The
proof is based on the fact that a closed operator on a closed domain

bounded [12, p. 332]. Since A~! is closed from th d
R 4 is closed, then A~! is bounded. - ( e above theorem) an

s i S S R ot o
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Theorem 3.34. Let A : Hy — H, be a bounded operator that is onto
(Ra = Hz). If A has a bounded inverse, then A* is invertible with (A*) ™! =

(A7)

Proof. Comparing the following inner products for any * € H; and
y € Ha,

<y. (A_l)* A*x> = (A7 'y. A"z) = (AA 'y x) = (y. x)

and
(y, A*(A™")"z) = (Ay. (A" 1)*'z) = (A ' 4y.2) = (y. ) .

we conclude that (A=')" A*x = A*(A~1)*r = r: hence (4*)~! = (:\“lr .
L]

Theorem 3.35. If A is a bounded self-adjoint operator., and A~ is a
bounded operator, then A~ is self-adjoint.

Proof. The proof simply follows from the previous theorem: (A -7 =
(A* ) '=A""m

The next theorem is quite important, since it states necessary and suf-
ficient conditions for an operator to have a bounded inverse.

Theorem 3.36. A linear operator A : Hy — H, possesses a bounded in-
verse defined on R4, A~ : R4 — H,, if and only if there exists m > () such
that |Az|| > m ||x|| for all x € H,. Furthermore, | A‘Ly“ < (1/m) ||yll.

Such operators A are called bounded below operators (sometimes called
bounded away from zero) (also see Section 3.5 for bounded below and above
operators). Note that A itself does not need to be bounded.

Proof. Assume ||Az|| > m||z|| is true and show A is invertible with a
bounded inverse. If Ax = 0, then ||0|| =0 > m ||z||. so ||z|| < 0, but from
the properties of a norm ||z| > 0, so ||z|| = 0. which implies z = 0. Since
the null space is trivial, then A is one-to-one, and since we are defining
the domain of the inverse as the range of A (inherently onto), then A is
invertible. To show the inverse is bounded, let z = A~ 'y, which leads to
|Az|| = ||AAT y|| = llyll = m|lz|| = m A7 Y]], or A7 y|| < (1/m) |lyl,
and so A~! is bounded. Now assume A possesses a bounded inverse and
show there exists an m > 0 such that ||[Az|| > m|z||. Indeed, if A~}
exists and is bounded, then HA‘lyn = ||lz|| L w|ly|| = w||Az|| or ||Az| >

(1/w) ||| . m

Since every linear operator on a finite-dimensional space is bounded,
then if A : H® — H™ is invertible, where H" is finite-dimensional, then

A~ ! is bounded.
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Well Posed Problems

Bounded below operators are important in defining what are Known as i

posed problems. The operator equation Ar = b is called well posed if then
exists a unique solution z that depends continuously on the ~“data” b, i
:< obvious what role existence and uniqueness play in a problem being ==
posed. The requirement that the solution be a continuous function of -
data is important because one does not want small errors in the dazz
result in large errors in the solution.

If a problem is not well posed it is said to be Ul posed When
bounded below, it possesses a continuous (bounded | inverse. such
x = A~1b depends continuously on b. and the problem is well posed %9
(see also Section 3.11).

The next theorem shows that compact operators on infin

§i553 f‘?‘*dﬁmﬁ?&;ﬁrﬁ;'
spaces are not hounded below and hence do not have -

a continilous IniveTse

Theorem 3.37. If A: H — H for H an infinite-dimensional space s
compact and invertible, then ils tnverse s unbounded.

Proof. Let {z,} be an infinite orthonormal sequence in H I A H -
H is compact, then lim,,_,, Az, = 0 (sec Section 3.6) and. therefore. the
operator A : H — H is not bounded below, Based on Theorem 336 we

conclude that the inverse operator A~' : H — H. where A is compact. s
unbounded. =

Therefore, while in the “forward direction”™ compact operators have
a “nice” effect, in the “inverse direction” just the opposite is true. An
analogy is that integration tends to smooth out functions, while the mverse
operation, differentiation, tends to make functions less smooth. However
on a finite-dimensional space the inverse of a compact operator is bounded.
by Theorem 3.5.

Examples of the above relevant to electromagnetics are first-kind com-
pact integral operators with Green's function kernels, where the inverse is
a differential (unbounded) operator associated with a wave equarion.

Resolvent Operators

An operator with very desirable properties in both the forward and inverse
directions is the operator having the form A — AJ, where A4 is compact and

A # 0 (recall that I is not compact). In preparation for examining this

type of operator, we state the following for 4 — AJ. with A not necessarily
compact.

Theorem 338 The operator A — NI, with A : H — H bounded and
IA| > ||Al], is invertible with bounded inverse. Furthermore.

A— _1=-— > 1 T
(A=) ZGA““A
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and

(A=XD)7H < (A =14~

The above is known as the Neumann expansion for (A — A )_1. In

eeneral, the operator (A — AI )_1 is known as the resolvent operator. Before
proving the above, 1t 1s convenient to prove the following.

Theorem 3.39. If A: H — H 1is a bounded operator such that ||Al| < 1,
then (A — I)_l exists and 1s bounded on H, and

(A—I)‘lz—iA“;

=0

which s convergent in norm. Furthermore, ||[(A — I)_1 < (1- HAH)_l,

Proof. The series > °" | ||A||" converges for ||4| < 1 (geometric se-
ries, -2 o A" = (1 = J[A])~"). Because [|47]| < [[A]", then the se-
ries Y ..o ||[A™|| converges. When a series of the form > |lz| converges,
the series )« is called absolutely convergent. As discussed on p. 133,
the space of all bounded operators on H is itself a complete (Banach)
space, and 1n a complete space absolute convergence implies convergence
in norm. Thus, > "~ , A™ converges in norm. To show that the inverse is
given by — 5.°° A" assume this is the case and form (A —I) (A— 1) =
~(A-I)(I+A+A*+ .- -+ A") = — (A" —]). Asn — o0, A" —
0since ||A|| < 1, proving the relationship. Finally, we have ||(A—I)"" || =
om0 A" < 2o A" = A — AN =

The above theorem also holds for A : X — X, with X being a Banach
space. Now, by forming (A — \)™ ' = —(1/X) (I - %A)_l we see from
the last theorem that the series converges if ||[(1/A) A|| < 1, or ||A| < A,
proving Theorem 3.38.

For A compact we have the following.

Theorem 3.40. For A : H — H a compact operator and \ # 0, where \
is not an eigenvalue of A, then the operator (A — XI)™" is bounded.

One proof of this theorem follows from Theorem 4.13.

In particular, the case A = 1 often arises in the theory of integral
equations, where one finds that these so-called “identity plus compact”
operators have very desirable properties.

Right and Left Inverses

dometimes an operator is not invertible in the sense described above, but
mmay possess what is known as a right inverse or a left inverse. These
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concepts are not often utilized in applied electromagnetics, but a study o
these operators helps to clarify the geometrical structure of invertible lineg,
operators on Hilbert spaces.

Definition 3.28. An operator A : Hy — Hy is said to be left invertible i
an operator AEI . Hy — H; exists such that

AEIA — Il,

where [ is the identity operator on Hi. The operator Azl : Hy — H, g
said to be the left inverse of A: H1 — Haj.

Theorem 3.41. An operator A : Hy — Hgy is left invertible if and only if
it 15 one-to-one.

Proof. First show that A is left invertible if it is one-to-one. Indeeq,
assuming A is one-to-one, then A : Hy — R4 is invertible with A= : Ry —
H,. Let A;' : H, — H; be any extension of A='. Then AT'A =,
Now assume that A is left invertible and show it is one-to-one. Assume
Axr; = Axo. Then 1 = AEI(AH:Q) == AzlA:I:g —

It can be seen from the proof that the left inverse is not necessarily

unique, since the extension is not necessarily unique. If the operator A is
onto, then AEl 1S unique.

Definition 3.29. An operator A : Hi — Hs 1s said to be right invertible
if an operator Ail . Hy — Hi exists such that

AATI — Igj

where I is the identity operator on Hy. The operator Agl . Ho — Hj s
said to be the right inverse of A : Hi — Ho.

Theorem 3.42. An operator A : Hy — Hy is right invertible if and only
if 1t is onto (R4 = Hs).

Proof. It is easy to see that A is right invertible if it is onto. Now
assume that A is right invertible and show it is onto. Assuming y € Ho,

then y = AA7'y = Az, so that ¥ is in the range of A. Because y € Hj,
1y € R4, and y 1s arbitrary, then R4 = Hy. ®

The right inverse is not necessarily unique, but if the operator is one-
to-one then the right inverse is unique.

Theorem 3.43. If an operator A : Hy — Hsy is both right and left invert-
ible, then the operator is invertible with A=' = A7! = AZL

Proof. The proof is trivial since if 4 has both a, right and left inverse
it is one-to-one and onto and hence invertible. m

II
‘-,
i
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3.9.2 Examples Relating to Inverses

1. The identity operator (Iz = z) on an infinite-dimensional space is
invertible (bounded, yet not compact) with 7' = I. The identity
operator on a finite-dimensional space is bounded, compact, and in-
vertible. The zero operator (0z = 0) is not invertible.

2. The operator A : 1* — 12 corresponding to the infinite matrix [a;;],
where Sszl Zf;l [aij‘z < o0. is bounded and compact. Then, if A
is invertible, A~! is unbounded. Note also that by Theorem 3.40,
(I — A) is invertible and the inverse operator (I — A)~! is bounded.

This result is used in the solution of second-kind infinite systems of
linear equations.

3. The operator A : 12 — 12, defined by A(x) = {z,/n},—,  where
a>1/2 and x = {z1,z,,...}, is bounded since

o )\ 1/2 - 1)2
| Ax|| = (Z ‘jj;j,_,) < (Z 1) — |Ix].

The operator A is also invertible: A7'(x) = {n%z,}52,, but its
inverse is not bounded. Indeed, considering the sequence {z,} of
elements with ||x|| = 1, it is clear that ||[A~}(x)|| = n®* — oo as
n — 00.

4. The bounded operator A : C" — C" is uniquely represented by the
n X n matrix |a;;| where a;; = (Az;,x;), with {z1,z2,...,z,} a basis
of C™. The operator is invertible (one-to-one and onto) if and only if
det [a,?;j] 75 0.

5. The bounded multiplication operator A : L*(a,b) — L?(a,b) defined
by
(Az) (t) = f(t)z(?)

with £ = maxg<¢<p | f(t)| < oo has as its inverse the division operator,

(A7 z)(t)

1
VIO

assuming f(t) # 0.
6. The differentiation operator A : L?(a,b) — L?(a,b) defined by

(Az) (t) = S(t) = 2'(1)

Tl == {33 (L), 2’ () & Lg(a, b)}

Ly

is not one-to-one (and so cannot be invertible), since there exist in-
finitely many functions, all differing from one another by a constant,
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that have the same image. That is. N4 = {c} # {0}. However j

a = —oo and b = 0o, then constants are not in D 4 and the operatq;
is invertible. Also, for a,b finite, if we change the domain of A tg b

Dy = {:,c . z(t),z'(t) € L*(a.b). x(a) = O} ;

then A is invertible, A~! being of course the integration operator

f
(Aﬂl"T)”) — / risids.

3.9.3 Green’s Functions and Green’s Operators

At this point it is worthwhile to draw special attention to operators inverse
to differential operators, leading to the concept of a Green's function and
a Green’s operator. Green’s functions for electromagnetics have been dis-
cussed in some detail in Chapter 1. They are also extensively discussed for
an important class of second-order differential operators in Chapter 5 and
in various sections in Part 11. The discussion here is intended to establish
the general concept of a Green'’s function as the kernel of an integral op-
erator, the Green’s operator, which is inverse to an invertible differential
Operator. The developn‘lent 1S l.'l'il()t:‘il'.ly formal and ];}rewmm[ at a somewhat
abstract level to avoid details that would draw attention from the main
concepts.

Scalar Problems

Green’s Operators

Consider a linear nth-order differential operator L : L? (a,b) — L~ (a.b)

L =p,(t A + (t) - + p (1 . t
— =Pn)dw Pn—1 () 2o pﬂ)g;rm(L
I, = { p: 42 e L(a,b), m=0,1,2,...,n,

B, (¥)=m, Bx(¥)=mn

and the differential equation

(L =Xy = o, (3.21)

where \ is a complex parameter, ¢ =% (t) € Dy_y = Dy, and ¢ = ¢ (t) €
Ry_x. In the following we will also use the notation Ly = L —A. Boundary

fi
|
!
|
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(and /or initial) conditions are

B; (W) =anv(a)+---+ a7V (a) + 30 (b) + -+ Fia" T ()
— '{h_

B, (¥)=aniv(a)+---+ap,v'" Vi)~ (b)) +---+ Fnn "V (B)
= Tln-

(3.22)
with a; ;.,3; ;j € R. We assume L — ) is invertible (the example on p. 189
shows that not all differential operators are invertible). Formally solving
(3.21) by applyving the inverse operator leads to

L) == [, — A -}#E 2.

Linearity of the differential operator implies linearity of (L — \) ~ by The-
orem J3.28: therefore. one would expect that the solution ¢ should be rep-
resentable as a superposition integral®®

b
(t)=(L-N""o() = / gt N o () dr (3.23)
0
This is also consistent with the fact that we would expect the inverse of a
differential operator to be an integral operator. The function g (¢, \) is
called the Green's function of the operator [ — A, Often one considers the
case where A = 0, such that g (¢t,t",0) = g (¢, ') is the Green’s function.
If we substitute the solution (3.23) into (3.21), we obtain

27

o) =(L-Nvt)= (L= [ gltt,x)0)d

b
s / (L—=A)g(t,t' . A)]ol(t) dt
and we can make the identification
(L=A)g(t.t' . A)=d(t-t). (3.24)

This will formally serve as the defining equation for the Green’s function
g in the sense of distributions. Also note that regardless of the possible
iInhomogeneity of the boundary conditions associated with L, the Green’s
function is taken to satisfy the homogeneous boundary conditions

Bl(g):"'an(g)zo'

21f (a,b) = (—o0,0), then the form of this solution is correct. In the presence
of boundaries it may be necessary to add additional boundary contributions to the
solution. These will occur when the boundary conditions that the Green’s function and
the quantity ¢ obey differ from one another.




192

that .
((L" /\)—1 fi’) (t) = (Gro) (t) = / g(t.t".\)o(t) dt’.

which has as its kernel the associated Green’s function.

Adjoint Green’s Operators
One can go through the same procedure with the adjoint equation

(L-X) v =¢" 3

- 3 - * . - "
(note (L — A)" = L* — A) where the domain of L} = (L — )7 is obtained
from requiring that the bilinear concomitant in the generalized Green-

theorem (3.3) vanish, leading to adjoint homogeneous boundary conditi

i

1k IS

=

L) = = By () = 0
on ¥*. The operator (L — \)" satisfies

(L =X = (& (L - X)"¢)

for £ € Dy, (€ Dp-».
The adjoint equation (3.25) leads to an adjoint Green’s operntor

{)

(E=2)79) 0= G30) (1) = / g* (11" X) v (') dt’

ol

in terms of an adjoint Green's function g* (t,t’, A) that satisfies

(L=A)"g" (t,t',\)=6(t —t')

subject to adjoint homogeneous boundary conditions B7 (¢*) =

B* (g*) = 0. Forming (Lx¢,¢*) = (¥, LY y*), it is seen that (Gav. o)
(1, G% @), which leads to

1

g*(t,t', A) = g(t', ¢, A). (3.26)

As an example, for the symmetric operator Ly = —d?/dt* — \. we obtain
the scalar free-space Green’s functions

S e—z‘\/ilt—t.'|
2ivVA
(1) = €+i\/§\t—t’| |
2iV N

When L) is self-adjoint, then g* = g so that g(t,¢', \) = g(t',t, \).

3. Introductory Linear Operator The,,.

The inverse operator is called a Green’s operator. denoted by G, such

-3 ‘2_}

R o i o e T
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When L, is real and self-adjoint (a common case in electromagnetics).
one can obtain a further. actually more useful. result. namely

g(t.t'. Ny =g(t.t.)\). (3.27)

To see this. note that if L is self-adjoint then Lyg* (¢.t".\) = La\g™ (t. b5 A)
=6(t—t'). and Lyg* (t.t".\) = Lyg= (t.t".\) =0 (t — t'), since L, is real.
From the last equalityv one sees that if the boundarv conditions on g and
those on g* are identical. then g (¢.#.\) = g~ (¢.t'. \). proving (3.27) from
(3.26). The statement regarding the boundary conditions can be seen to
hold since the boundary conditions on ¢ and those on g* will be identical
by self-adjointness of L, and. assuming conditions of the form (3.22) on g~
with a; ;. 3; ; € R. 0= B;(g) = B, (¢") = B; (¢*) = Bi (¢°).

It is important to note that (3.27) also holds for L\ real and tormally
self-adjoint (symmetric) if the boundary conditions on g and those on g*
are identical. For the operator leading to the free-space Greeu's tunction
(L = —V?) this is the case. since the radiation condition for g (outgoing) is
the conjugate of the radiation condition for ¢* (incoming).”! In electromag-
netics one can also determine (3.27) based on reciprocity. If the medium
is nonreciprocal, L, will not be self-adjoint and (3.27) will generally not
hold.

It is worthwhile to point out that if L, is self-adjoint, one does not
need to consider the adjoint problem; it is even more important to note
that often the adjoint problem does not need to be considered even it Ly 1s
nonself-adjoint. Assuming L, is invertible, all one needs is an appropriate
Green’s theorem (which will be available whenever the operator is formally
self-adjoint) applied to the elements ¢, g (see Section 1.3.4 and Chapter 5),
whereby one obtains an explicit solution. The various Green’s theorems
are usually stated for L real and formally self-adjoint (e.g. L = d*/dt*, V?,
V x V x); since this is the usual case in electromagnetics, it is usually not
necessary to consider the adjoint problem.

However, if the homogeneous equation L)1y = 0 admits nonhomoge-
neous solutions, then L,v = ¢ cannot be solved uniquely, and perhaps not
at all. To see this., note that if Lyvy = 0 has nontrivial solutions, then
by Theorem 3.25 L, is not invertible. Therefore, the Green’s operator will
not exist. However. in Section 3.11 we show that under these conditions
LxvY = ¢ will have a (nonunique) solution if and only if ¢_L1)j, where 1
are solutions of the adjoint homogenous equation, Liv; = 0. In this case,
what is known as an extended or generalized Green’s operator can be found
(see [39, p. 12] for details). Therefore, in these cases consideration of the
adjoint problem will be necessary to ascertain solvability of the equations.

In summary, if L is formally self-adjoint (symmetric), then one need not
consider the adjoint problem if L is invertible. Of course, if L is self-adjoint,
the adjoint and original problems coincide. In more general cases one needs

30However, to work in an L? space we consider the space to have small loss.
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to consider the adjoint problem and utilize some form of generalized Greep,
theorem, e.g., (3.3).

As an illustration of obtaining an explicit solution. assume L 1s real anq
formally self-adjoint (a common case in electromagnetics. €.g.. L = d?/dt?,
Then the generalized Green’s theorem (3.4) is

b b
/ (Lﬂ_l))gdt — / D, (L,\g) dt + .J t'L'.g'? ? : (3.28
In terms of an inner product, (3.28) can be written as

(Lrv.3) = {(v.Irg) + T (v.0)l,-

Using (3.21) and (3.24), and the sifting property of the delta-tunction. one
obtains the solution as

b
P (t') = / (1) g(t.t'. x) dt — J(u.9)|,- (4.29)

T-I'_
|
|
1_
?,

It is important to note that any Green's function satisfying (3.24) will
work in the above. The judicious choice of boundary conditions (always
of a homogeneous form or satisfying some fitness condition) on g do affect
the conjunct term, and often a preferable set of conditions is dictated by
the goal of simplifying or eliminating the conjunct J.

Green’s Operators as Improper Integral Operators

Although the procedure leading to (3.29) usually provides the correct so-
lution in the scalar case, a few comments are required in generalizing the
method to other problems of interest in electromagnetics.

The generalized Green’s theorem will be valid for suitably defined el-
ements, i.e., if ¥, g, Lax®, and Lyg are suitably well behaved: in practice
this means adequately differentiable. Regarding the discussion leading up
to (1.52), one notes that the correct procedure that ensures the elements
utilized in the Green’s theorem are suitably well behaved is to apply the
theorem to the intervals [a,t’ — €) and (¢ + =, b], thereby omitting the point
t = t' from the integration. If Q = [a,b] and Qy = (¢ — .t + =), then
(3.28) becomes

lim (Lav) g dt

e—0 Q""'QD
o . t' —& b
=lim | 0 (Lag) de+ im { T @,0)[S 7+ T ()}

In this case the first term on the right side vanishes (since Lyg = 0 on
Q) — Qo) and, replacing Ly with ¢, one obtains

. / s A t' —e
lim [ 9090t dt=lim { T @.0) ™ + I (v,9)L,, ).
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By reorganizing the conjunct term as

'—e .: | b / t'+e
J(w9)|z n J(w 9) ?f+5 — J(Ufg)‘g_ o J(w?g)lt'—.gﬁ
we have
lim J (¢, 9)|57% = — lim 6(t) gt N dt+ J(.g)°, (3.30)
e—0 B =30 0—0

where the limit on the conjunct term on the right side has been removed
since 1, g are assumed regular at the endpoints. By noting the similarity
of (3.30) and (3.29), one expects

lim .J (4 9)h 7S = —u(t), (3.31)
leading to
Y (t') = lim o (t) g (t.t' . \) dt — J (0, 9)°. (3.32)
=2l I —f

If the Green’s function is weakly singular, then the solution (3.29) should
be interpreted in the sense of (3.32).

T'he condition (3.31) characterizes the nature of the singularity of g [39,
p. 10]. For a given problem one knows the conjunct and the properties of
the Green’s function, and (3.31) may be explicitly evaluated. For example,
with L = d?/dt? = L*, (3.28) is simply Green’s second theorem in one
dimension, where the conjunct is J (¢, g) = gd¢/dxr — ¢ dg/dz. Explicitly,
(d*/dt?) g (t,t') = § (t — t') leads to dg (t,t’) /dt\:_ffff_ = 1 and continuity
of g at t = t/, such that (3.31) is satisfied.

As described in Section 1.3.4, for most scalar and vector problems the
limiting procedure is not necessary (in the sense that the correct answer
nevertheless emerges from the sifting property of the delta-function), al-
though the meaning of any resulting improper integral needs to be prop-
erly understood. In the dyadic case the limiting procedure, or some other
rigorous method, needs to be used to obtain correct results.

Finally, for a general nonsymmetric problem we use (3.3) applied to

Y, g%,

b

a L]

b b
/ (Lay) g* dt = / v (Lyg*) dt + J (v, g%) (3.33)
Formally substituting L v = ¢, L3g* = J into (3.33) yields

b
a

¥ (&) = /Q 6 (6) T (t,¢) dQ — J (v, )

such that the solution is obtained in terms of the conjugate-adjoint Green’s

function. In this one-dimensional case, specific examples are shown in
Section 5.3.
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Systems of Dyadic Operators

Dvyadic Green’s Operators

Because electromagnetic theory is inherently a vector theory. one oftg,

needs to consider vector and dyadic differential operators and correspong.

ing dyadic Green’s operators with dyadic Green's function kernels.
Toward this end, we next consider a 2 x 2 matrix svstem of dvadi

s Gl [

differential 0perat0r531 L : H - H and the matrix differential operaio:

equation®?
(L-M)¥ = &. 3.3
where 1 I _ -
L | I O |
L s Yl =10 . I _ _ == |}
" L,; Ly, i{ 0O I |
and ", ( ) . i o
lIJ — 1 'r* D . — | ‘I)} (l‘; : -
W (r) % L * | ®2(r) | ~ Rrar

with W;, ®; vectors, i = 1,2. Assuming L, = (L — M) is invertible. and
repeating the procedure followed in the one-dimensional case. we identifv

- : ; W = - )
L, = G ) as the Inverse (Green’s) operator (L} 'LyWw = W = L, '®). The
solution of (3.34) is obtained as

T (r) = (G2 ) (r) = / g(r.r',\) & (r') d

J
:f g, (mr,)) g,y &) ] (3.35)
| B2 (r,r', A) 829 (r,r', A) P (r') | el

where G is a Green’s operator with (matrix) Green’s function kernel
g (r,r', \), the matrix entries of which are dyvadic Green’s functions. Ex
plicitly using the scalar product notation, one can also write the above
as

W, (r) = /;l_g_l}l (r,r", ) - @, (r') dY + / g, 4 (™, r'.\) - ®, (r) d.

()

—

T2 () = ng,l (1,1, A) - @4 (') dY +f B, » (£, 1, A) - @ (x") di¥.
0~ 22
(3.36)

31The treatment here generally follows [58, Sec. 1.1]; see also [10]. The generalization

to an n X n system is straightforward, as is the reduction to a single dyadic or vector
equation.

32By this notation we mean

& -

OA = -g—l,l @1.}2 ' -A—l i = _@_111 .Al _@_1,2 . _1}_2 -l
- Eo, . Bs s A, Or1 A, +9,,- A,
for elements of ®, A being dyadics. .
;7 V X I often occurs. In the case of

rules apply.

For example, in electromagnetics the case ©; ; =
vector or scalar entries, appropriate multiplicatiol

L ey | o T R R PR gy |y e

F) ey
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As in the scalar case treated previously, if the region of interest ) is
finite then (3.36) may need to be augmented by boundary terms (the con-
junct in a generalized Green’s theorem). in this case boundary integrals.
representing contributions from induced currents not accounted for by the
Green’s function. The presence or absence of these contributions will de-
pend on the boundary conditions satisfied bv the Green's function and
the fields, and an explicit solution is obtained by utilizing an appropriate
Green’s theorem.

If we substitute the solution (3.36) into (3.34) we have

& (r) =L, (r) = L, / g(r.r'. ))& (r) d (3.37)

/[ng(r r'. \)|®(r') dY
J €

and we can make the identification
Lag (r,r',A)=1d(r-r'). (3.38)

For notational convenience we set A = 0 such that the individual dyadic
Green’s functions are seen to satisfy

L, g ,+tL,-g,,=10(r-r), (3.39)
L, g,+Li28,=0

Lyi1-8,,1tLlys-8,, =0,

Ly, 8,,1TLyo 855 T I6(r—1'),

which can be decoupled to yield

(_Iil,l —L - Lo, '_L..z.l) '

: .-' ﬂ

(L2,2 o L-z,l '..L_f,1 'Ll,'z) )

assuming L;; are invertible. Note also that the original equations (3.34)

—1,1

can be decoupled as

‘Lg?l) Wy =P, _LLQ LE
'Ll‘}) - W :(I,E'_qul'Llﬁ

— - o

- Py,
- P

It can be seen that one advantage of the Green’s function approach is that
the source terms in the decoupled equations for the Green’s functions are
simpler than for the field quantities themselves.

Adjoint Dyadic Green’s Operators

For the adjoint problem,
L9" = @° (3.40)
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. . i . . . .
and we identify (L}) ~ = G} as the adjoint Green's operator with matp;

kernel having entries g (r,r’, A\), leading to the solution

*(r) = (GYP")(r)= / g* (r.r’. ) ®~ (r') dY (341
J £
* / - s ' - " =
_ El,l (r’r")‘) 51_2 fr'r"}‘-} ~§ @1 ) 40
0| 8,0 g, (rry) | | @30 [
where g* satisfies
Lig"(r.r'. \)=1(r - 1) 342
subject to adjoint boundary conditions. Also G, ¥. ¥* = ¥ Gl¥
leading to
g, ,(rrA)=g  (r'.r)) (3.43
For example, the operator Ly = —V? = ) leads to the free-space Green's
function
e~ VA|r—r'|
g(r,r') = ————
o A7 ir — r'|

which satisfies an Outgoing radiation condition (see Section 1.3.4), and the
adjoint Green’s function

ff““/ﬁ_jf"""rf
g (5,7 )=

Am|r —r'| '

which satisfies an incoming radiation condition.

The preceding comments in the scalar case concerning the need to con-
sider the adjoint problem hold for systems of vector or dvadic operators
as well; if an appropriate Green's second theorem is available. one can ex-
press the solution in terms of the Green’s function, without consideration
of the adjoint problem, assuming L) is invertible. If L, is real and formally
self-adjoint, then the generalized Green's theorem (3.4) is

[awsi= [s@ons [s@e.w  ou
Q Q2 r
Using (3.34) and (3.38) one obtains the solution as
¥ (r') =/ P (r)g(r,r',)) dQ — f J(¥,g)-dr. (3.45)
0 r

As discussed in Section 1.3.5, the procedure leading to (3.45) may not
result in the correct solution because of the strength of the dyadic Green's

Introductoryv Linear Operator Theqr.

T g T P PP TR s T T L 5 L
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function source-point singularity. A proper procedure is to apply (3.44) to
() — g, where 2y contains the point r = r’. We then have

lim (L) gdQ = lim T (L,g) dO

Q0—0 Jo_q, (20—0 Jo_o.

------

+ lim J(W.g)- -dI' + Iim/ J(P.g)-drI.
._ - Co

(3.46)
where the first term on the right side vanishes since the point r =1’ is
excluded from the integration. We obtain the solution as

im [ J(¥.g)-dT = lim @ng—/JuIag)-dr. (3.47)
(1 -1, )

flrj-—*f] r” Q{;“—*{-} JO)y_

Comparing with (3.45) we identify

fz]imfi / J(W.g) -dl' = ¥ (r').

g

Examples

Consider Maxwell’s differential equations for a region 2 C R” bounded by
surface I' (see, e.g., (1.13)).

V x E(r) = —iwpH(r) - J,,(r),

V x H(r) = wzE(r) + J.(r)

subject to n x E|.= 0. One can consider the above in the form (3.34),
where

| twel -V xI E(r) | =Jde(r)
= [ Vx1l awpul ] Y= [ ()} Q_[-Jm(r)]

and A = 0 (note the dyadic identity (VxI)- ¥ =V x ¥). In this case we
have

- [e.@cr) g (©r)
g(r.,r)—-— _me(r r!) 5’rnm(rﬁr/)

and the formal solution (3.36) is

E(r) = /46(”) Je (r') dQ — /_mrr T (¢ dSY,

H(r) = _—/ g _(r, r')-J. (r') dQ' — Lgm (r,r') - Jm (r') dY,
Q" |
(3.48)
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where the Green’s dyadics satisfy Lg (r,r’) = 16 (r — r’), leading to

~Vxg,  +iweg = I6(r—1'),
_‘Vx_g_m T ws_g_e m = 0, 3
Vxg, , twpug =0,
Vxg, . tiwpg, —=10(r—r),
subject to n>-<_g_ﬂE =0 and nxg, F:Q.
Decoupling the above leads to
VxVx_g_EE—w pEG, , = jwpld (r —1r'), o
Vxngmm—w PER, . . = iweld (r —r'), |
where n X g.. F—O and n X ngmm F-O with g g m and g g sub-

sequently determined from the solution of (3.50) using the relationships
(3.49). Alternatively, wave equations

Vxngm—w ES, . = VxId(r—r'),
‘E B (3.51)
/
VXVXng—-w jEg, = ~VxIé(r—r1)
subject to n X B =0 and n X Vx_g_m | —0 can be solved, and the

remaining quantities determined from (3.49). It can also be seen from the
defining equations that the field quantities satisfy

V x V x E(r) — k*E(r) = —iwpd.(r) — V x Jp, (1),
V x V x H(r) — k°H(r) = —iweJ n(r) + V x J¢ (v)

subject to n X E|. =0, n x V x H|= 0.

Without detailing the adjoint problem, it can be seen that the symmetry
relation (3.43) reduces to

_ a+8 T
_g.ﬁ-:ﬁ (r:rf) £ (_1) gﬁ - (I'! I‘) 3 59

since V X Vx subject to boundary conditions of the form discussed is a
real, self-adjoint operator. If radiation conditions, rather than boundary
conditions, are specified, the operator is real and symmetric, and the same
conclusion holds per the discussion subsequent to (3.27). The sign change
is obvious from the form of the defining equations.

Finally, consider the scalar (transmission line) system (see Chapter 7)
dv(z) = .
7 = —wLi(z) —in(2), |
di(z) | | (3.53)
dz ~wC v(z) +ie(2),

oy i | g—— L R ¥ k=

T A, T T i+ A T ] W

4 e

i
“
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which can be analyzed as a special case of the above. We have (3.34) with
A==

_ —twC ddz - _-'U(Z)- __H “ie(z) ‘
L_[ -{% wkL |’ ‘Il"hi(z)_’q)__—im(z)_’

leading to

g (Z? zf) —

with the solution of (3.36) as

b b
v (Z) — gu,v (27, ZI) ?:e (Z) dZ! o Gu i (Z, Z!) im (Z) dZ!,
L ! -

1(z) = — /: Giw (2,2) 1 (2) d2’ — /b gii (2,2')im (2) d2'.

a

The Green’s functions are seen to satisfy

Lg(z,2) =16 (2 — 2'),

& |
where I = 0 (1) 1s the usual identity matrix, leading to
2 i — iwCGyy = 6 (2 — )
i — W vV, £ —Z ),
dzg 2 v,
d .
a gii — chgv,i = (),
Z
d .
—Guv +wlyg; s =0,
dz
d  +iwLg;; =6(z—2')
dzg'u}z gii — :

Decoupling the above leads to

2
(dc; | w2L0> Gow (2,2') = —iwLd (z — 2'),

2
(d(iQ | wQLC) gii(2,2') = —iwCé (2 —2'),

where the voltage and current quantities satisfy

d2
( szC) v(2) = —iwlie — if,.n,

2
( 9 | wZLO) i (z2) = +iwClipy, + ?,;

Note that
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3.10 Projection Operators

We have previously introduced the projection theorem (p. 120), which pro.
vides the idea of uniquely representing an element z € H as z = T + y,
where x¢ € M, with M a closed linear subspace of H, and yo € M. After
introducing the concept of a basis for an infinite-dimensional system, 1t wag

stated that g = ) (2,2n)xn and yo = > (2, Yn) Yn, where {’Bn}_ IS an
orthonormal basis for M and {y,} is an orthonormal basis for M~. We
can now cast this into operator form using projection operators.

Definition 3.30. Let M be a closed linear subspace of a Hilbert space H,
and let z = 29+ yo, where z € H, xo € M, and yo € M. An operator P
defined on H 1s said to be the orthogonal projection onto M if

Plz) = Plgg + v8) = mo

Projection operators are linear, bounded operators with®® ||P|| < 1. In

addition, Rp = M and Np = M* (note that N, 1 R, and H = Rp®Np)
Also, I — P on H is an orthogonal projection onto M=, i.e.,

(I — P)(z) =2z —z0 = yo

with R;_p = M=+ and N;_p = M.
Some properties of projection operators follow.

e Projection operators are idempotent.?*

e A bounded operator is a projection if and only if it is idempotent and
self-adjoint.

e A projection operator is a nonnegative operator.

e The sum P + () of two projection operators P and Q is a projection
if and only if P() = 0.

e The product PQ of two projection operators P and Q is a projection
if and only if*° [P, Q] = 0.

e A projection onto M, a closed linear subspace of H, is compact if
and only if M is finite-dimensional.

e If P is a projection onto M, a closed linear subspace of H, then for
all # € H, {(Pz,2) = [|[Pall*.

e N, and R, are closed linear subspaces of H.

From the projection theorem one can see that the orthogonal projection
P onto M is unique.

#3The Pythagorean formula gives || Pz||? = o ||% = lz — yol|? = | 2]|% — ”y0”2 o Hz”“}
34 An operator A is idempotent if A% = 4.

35Recall that [P, Q] = PQ — QP is the commutator of operators P and Q.

i e e e
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Examples of Projection Operators

Consider an element z € I1 and a closed linear subspace M of H with {z,,}
an orthonormal basis for M. The projection operator onto M is defined

as Pz = Zﬂ, (Z,_, xﬂ) Ln,

1. The zero operator is a projection operator onto {0} (M = {0}, M+ =

2. The i1dentity operator is a projection operator onto H (M = H,
M~ = {0}),

Iz =3z :Z(z,mn>mn.

Obviously, ||I]| = 1, and, in fact, || P|| = 1 for every nonzero projection
operator since Px = x for all x € M.

3. On H = R° with the usual zyz-coordinate system, let M be the
ry-plane with its standard basis {e;,es}. The orthogonal projection

of v = (3e1,2e2,5e3) onto M is Py = Zi:l (7, en) en = (3e1,2e3).

4. On H = L*(—m, ) let M® be the closed linear subspace consisting
of all even functions in H, defined by z(t) = z(—t) for all ¢. Then

(M¢)~ = M?°, the space of all odd functions in H (i.e., x(t) = —xz(—1)
for all ¢). Then, letting z(t) € H,

Pz =  [(t) + o(~1)]

1s an orthogonal projection onto M*®, and
1
Py =T — P" )= 5 z(t) — x(—1)]

1s an orthogonal projection onto M°.

5. On H = L?(—m,m) with basis

{\/1/(27r), \/1/mcos(nt),\/1/msin(nt),n =1,2,... }

& = 4/ 5=, ZZ = \/%cos(nt),
Tg =, T2 = \/;sin(nt),

n = 1,2,.... Let M€ be the closed linear subspace consistin% of
all even functions in H, for which {z¢} is a basis. Then (M®)™ =
M?°, the space of all odd functions in H, for which {22} is a basis
({z£} U {28} is a basis for H). Then, letting x(t) € H,

let

o0

Ptz = Z ('L?“Ei,> Q’i

=0
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18 the projection operator onto M*°, and

o0
T, L T, Z (z,x5) Tn

pp==1}

PPz =(I—- P x

T, L) T

o0
2
n=0

.. @
2
n=0
is the projection operator onto M°. Since the projection is unique

Po = [a(t) +a(—)] = 3 (z, 25) o5

=

and similarly for P°.

Projection operators are extensively used to show geometrical properties
of spectral problems. In fact, advanced concepts in spectral theory are
often cast in terms of projections. Therefore, much of the next chapter
could be studied using projection operators, although for the purposes of
studying spectral problems in applied electromagnetics these concepts will
not be pursued much further. The interested reader can consult [23, Ch.
6], [56], |7]. For applications of projection operators in numerical solutions
of electromagnetic operator equations, see [57], [43].

3.11 Solution of Operator Equations

In this section we consider the solution of linear equations at an operator
level. In general, we are interested in operator equations of the form

(A— MDDz =y, (3.55)

where A : H — H is a linear operator, t € Dy_;y = D4 C H, and

y € Ra_x1 € H. It A # 0, we call (3.55) an operator equation of the

second kind, whereas if A = 0, we have an operator equation of the first
kind. Obviously, if the resolvent operator exists, formally we have the

solution £ = (A — \I )_1 y, which is continuously dependent on y if the
resolvent is bounded. Furthermore, if X is an eigenvalue of A, we cannot

solve (3.55) for y # 0, since the homogeneous form defines the eigenvalue
problem, (A — A1)z, = 0.

3.11.1 Existence of Solutions

In general, it is difficult to state solvability theorems for (3.55) unless con-
siderable restrictions are placed on A. In the following we present a solv-
ability theorem known as the Fredholm alternative, which we state for the

T —— L o e el ] e =

T T —— L
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operator equation Ax = y (this is not necessarily a first-kind equation
since A may have the form A = B — \J ). Operators satisfying the Fred-
holm alternative are called Fredholm operators. The alternative will be
stated for operators in Hilbert spaces although a similar alternative holds
for operators in Banach spaces.

Of course, for the equation Az = vy to make sense we must have z € D4
and y € Ra. In particular, the requirement y € R4 is important if R4 # H.
Note also that if A is positive definite, the solution of Az = y can be
shown to be equivalent to minimization of a quadratic functional [4, Ch.
5], although this topic will not be discussed here.

Theorem 3.44. (Fredholm alternative) Let A : H — H be a bounded
linear Fredholm operator. Then either

I. for every y,g € H the nonhomogeneous equations

Ar =
e (3.56)
Af =g
have unique solutions x, f, and the corresponding homogeneous equa-
t10ns '
Az =0,
) (3.57)
A f =0
have only the trwial solutions x = 0 and f =0, or
II. the homogeneous equations
Az =0
’ 3.58
A =10 (3-58)

have the same number of (nontrivial) linearly independent solutions,

r1,%2,...,Zy and fi1, fo,..., fn, Tespectively, n > 1, and the nonho-
mogeneous equations
Az = Y,

A'f =y
are not solvable for ally,g. A solution (nonunique) exists if and only
if y and g are such that y L Na+ and g L Ny, respectively.

The first part of the alternative is easily understood from Theorem 3.25
and its subsequent discussion, because if the homogeneous equations (3.57)
have only trivial solutions, then A~ and (A*)™" exist, and so (3.56) can
be uniquely solved as = A~'y and f = (A*)™" g. The fact that both the
original equation and the adjoint equation behave in the same manner, in
terms of being solvable or not, can be seen to be reasonable, at least for the
special case of the Fredholm operator I — K with K compact (discussed
next), from Theorem 3.17.
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The second part of the alternative 1s less obvious, because 1n the cagq
of nontrivial homogeneous solutions to Az = 0, solvability of Ax = y
depends. perhaps unexpectedly, on properties of the adjoint operator A*,
The necessity of the condition y L Ng« for Ax = vy to be solvable iy

this case is seen from the following. Consider Az = y and A*f = |,
and form the inner product (Az, f) = (y, f). Using (y, f) = (Az, f) =
(x. A*f) = (z,0) = 0 we see that we must have the condition L, F] =10,
i.e.. y L Na.. The sufficiency of this condition for Fredholm operators can
also be proved, but will be omitted here. Of course, if A is self-adjoint, the
Fredholm alternative is simplified, and no aspect of the adjoint operator
need be considered.

For Theorem 3.44 to be useful, we need to know what types of operators
satisfv the Fredholm alternative. Three classes of Fredholm operators are
presented below.

We first state that the operator A—AI, where A # 0 and A is a compact
operator, is a Fredholm operator, such that solvability of the equation
(A — AI) z = y can be examined using the above alternative.

Theorem 3.45. Let A : H — H be a compact linear operator and let
Ay, = A— X, where A#0. Then A, satisfies the Fredholm alternative.

The proof is shown in |40, p. 451] in a Banach-space setting and in
[12. p. 359] in a Hilbert space. An important case is provided by A = L.
Alternatively, since A # 0, one can consider the operator (1/A) A — I or
K — I, where (1/)\) A = K is compact if A is compact. See also Theorem
4.34.

Theorem 3.45 1s most often applied to examine solvability of second-
kind integral equations involving compact integral operators. The above
theorem can be extended in the sense that A, satisfies the Fredholm
alternative if (4))", n > 1, is compact [41, p. 138]. Also note that
d_.lmI\TA — diI]lNA* < Q.

From the above it is easily seen that for A compact and A\ # 0, if
(A — Al)z = 0 has only the trivial solution z = 0 (meaning X is not an
eigenvalue of A), then (A — AI)z = y has a unique solution given by x =
(A — M )" y. From Theorem 3.40 one can see that the solution depends
continuously on y, and so the problem is well posed.

The next theorem characterizes when the operator (matrix) equation
Az = b is solvable, where A : H® — H™ is bounded and compact (nec-

essarily so since H" and H™ are finite-dimensional Hilbert spaces) with
xr e H" and be H™,

Tlforem 3.46. The operator A: H™ — H™ satisfies the Fredholm alter-
native.

Usgally this i_s stated for A : C"* — C™, leading to the matrix system
Ax = bwhere Aisan mxn complex matrix and b is an m x 1 matrix. The




311 Solution of Operator Equations 207

most familiar case is of course when m = n, such that Az = b is uniquely
solvable if and only if det A # 0, implying that Az = 0 has only the trivial
solution.

Lastly, in the case of a differential operator we have the following [12,
p. 229].

Theorem 3.47. The self-adjoint Sturm—Liouville differential operator L
(see (5.1), (5.2), and (5.4)) satisfies the Fredholm alternative.

Note also that the nonself-adjoint Sturm-—Liouville operator with ho-
mogeneous boundary conditions, considered in Section 5.3, also satisfies
the Fredholm alternative. The solution of operator equations is further
discussed in Section 4.4 from the viewpoint of eigenfunction expansions.

3.11.2 Convergence of Solutions

While it is not the intent of this text to present a through discussion of
numerical solution techniques, it is worthwhile to briefly list a few impor-

tant facts concerning the numerical solution of operator equations (see, for
instance, [14], [42], and [43]).

Recall from Sections 2.5.6 and 2.5.7 that given a Hilbert space H with an

orthonormal basis {z,}, any x € H may be written as a norm-convergent
series z = > .~ (%, Zpn) Tn. This can be viewed as defining an N-term
approximation z ~ %V

J

N
" = Z B T} Do (3.59)
=1

where 2"V lies in the N-dimensional subspace of H spanned by {:z:n}ff_:l.
The error in the approximation is defined as e’¥ ‘=z—z", and because {z,, }
s a basis for H, limy_ oo eNH = limy _se0 H:c — :I:NH = 0. Furthermore,

the error is orthogonal to the approximation, i.e.,

(z — 2",z ) =0. (3.60)

For finite N, the coefficient (x,z,) in (3.59) provides the minimum error
in the approximation of z (i.e., this coefficient provides the best possible

approximation to x in the N-dimensional subspace spanned by {:z:ﬂ}f:;l).

Now, consider determining the unknown x from the general operator
equation

Az =y,

where A : Hy — H, with {x,} and {yn } bases for the spaces H; and Ho,
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respectively. We form the approximations of x € Hy, and y € Hj ag30

N
2 = 3 oty (3.61)
n=1
N
YV = (Y, Yn) Yns
n=1

where Q,, are unknown coePﬁcients to be determined, and we are assured

that y"¥ — y € Hy in norm. The general idea is to determine the solution
of

Azl = oV
for a given N, and consider under what conditions this solution converges
to the solution of the original equation (i.e., when does z% — x).

Since the summation is finite, Az = E,le anAz,. Noting that Ax, €

H>. we have*A:Bn = EE}:I (AL U Y & (A:I:H)N = Ei:l AT W) Wi
so that Az" =y becomes

N N N
Z(l’n Z <A$”’ym> Ym = Z (y: yﬂ) Yn
n=1 m=1 n=1

leading to the matrix system

N
> o (AT, Ym) = (Y, Ym) (3.62)

for m = 1,2,...,N. The solution of (3.62) provides the coefficients ay,
leading to determination of z"¥ as in (3.61).

For a given, finite-value NV, the coefficients «,, obtained from (3.62) do
not necessarily provide the best approximation of z in H;. That is, if we
knew the exact solution z by other means, we would find that the coef-
ficients a, do not generally agree with the coeflicients (z,z,) in (3.59).
Therefore, the approximation of the solution x is not the best possible ap-
proximation in Hj; however, we do obtain the best possible approximation
of Ax € Hy. Moreover, if we increase N, we do not necessarily know that

the coefficients a, converge to (z, x,), although they may do so.
Alternatively, if we take

L = E I,Ofﬂ,ﬂ-:n:

(===

= (3.63)
4= Z <y:yn> Yn

Tl ==

30We take the upper summation limit as IV in both cases, which will lead to an N x N

matrix system. However, this is not necessary, and one mmay generate an N X M matrix
system solvable by least-squares or comparable methods,
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then if A is bounded (to permit the interchange of A and the summation
in (3.63)), we directly obtain the infinite matrix system

o0
Z Cin, <A$ﬂ-1 ym> — (y: ym) (364)
n=1
for m = 1,2,.... In theory, this infinite system yields the correct coefh-

cients a,, = (¥, xy,) to make the equality in (3.63) valid. However, in order
to solve (3.64) in practice, this system is truncated to size N x N, leading

to (3.62); either way we do not have assurance that the coefficients oy,
converge to (x,x,).

Method of Moments

In electromagnetics, the matrix equation (3.62) is usually obtained by a
procedure known as the method of moments [44]. In this case we form an

approximation
N
T~ g = E Oy Ty s
=l

where {z,,} € D4 are linearly independent functions called expansion func-

tions. We therefore have Ax ~ Zﬁzl o, Az, and, rather than expanding
Az, in the basis of Hy as above, one forms a matrix equation by forcing
the residual (error) Zgzl an, Az, —y to be orthogonal to a set of weighting
or testing) functions {y,} C Ra, i.e.,

i . .
<Z anAajn o yﬂym> =0
n=1

form=1,2,..., N. This is equivalent to

N
> o (An, Ym) = (Y, Ym) (3.65)

n=1

which is the same as (3.62). If the expansion and testing functions are
identical, then this is known as Galerkin’s method. In practice a pseudo
inner product is often used in (3.65).

The interpretation of the method-of-moments procedure is somewhat
different from the former method, because we don’t necessarily require
{x,} or {y,} to be bases, or even orthogonal. However, as with the former
method, we are finding the best approximation of Ax € R4 for a given set
{yn} and in this sense minimizing the norm of the residual error. Theretfore,
to achieve a reasonably accurate solution of the operator equation in an
engineering sense, we may not necessarily require the expansion functions
to be complete in D4, but they should be such that Ax,, is complete in
R4 45).
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Convergence of Solutions

Unfortunately, in applications it is often not possible to show in a rigor.
OUS Imanner convergence of the approximation N — x. However, twg
important and practical cases can be distinguished which lead to guaran.

teed convergence. We first consider the special case of a positive definite
operator [46], [4].

Theorem 3.48. Consider the operator equation Ax =y, where A : H -
H is a positive definite operator. If {x,} = {yn} forms an orthonormq]
basis for H., the Hilbert space associated with the energy norm (3.13), then

N
=1

in the norm of H, where o, are determined by the solution of (3.65).

Proof. Since A is positive definite, we rewrite (3.65) in terms of the
energy inner product (3.12) as

N
Z Qin (xﬂn $m>ﬂ =% <33: mm);;, (366)

=1

for m = 1,2,...,N. Because {z,} is an orthonormal set in H,., then

on = (T, Tm), and we have V¥ = ZnN=1 (L mn)e z,. Using completeness of
{z,}in H, leads t0®" limy_, |27 —2z||¢ = 0. By Theorem 3.15, since A is

positive definite, convergence in energy leads to strong (norm) convergence
in: M 1.8, im0 ”.’L‘N = .’E” =, W

In electromagnetics, it often occurs that static problems lead to posi-
tive definite operators [47], such as the Laplacian operator considered in
Chapter 6.

If the operator equation in question is a second-kind Fredholm equation,

then convergence can also be established [14, Ch. 5], [42], [43, Ch. 5] (see
also Theorem 3.18).

Theorem 3.49. Consider the second-kind operator equation (A — K)x =

y, where K : H — H is a compact operator and )\ is not an eigenvalue of
K. If {zn} and {y,} are orthonormal bases for H, then

N

N

L = E XLy — I
n=1

in norm, where an are determined by the solution of (8.65 ), with A =
(M — K).

371f A is merely positive, then we must stop here and settle for
(by Theorem 3.15, part b). See also Theorem 3.14, which co
operator from any bounded operator that possesses

weak convergence

ncerns forming a positive
an adjoint.
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In fact, the above statement is more restrictive than it need be, and
certain relaxations on the expansion and testing functions may be allowed.
Thus, second-kind compact integral equations that admit solutions may
often be solved by discretization, where convergence of the solution can
be established. This important fact is the impetus of many regularization
schemes.

Under the conditions of Theorem 3.49, (3.65) is simply a truncated

version of (3.64). To examine convergence at the matrix level, consider the
infinite second-kind matrix equation

®.9)
Lg — Z KijTj = Ui, (3-67)
j=1

1 =1,2,..., where the matrix [k;;] is compact. We write (3.67) as
X-KX=Y

where X = [z1,22,...]", Y = [y1,19,...]", and K = [ks;]55_;. We also
consider the “truncated” matrix system

DAL L il
where K™ is filled with zeroes outside of the nzn square. Then,
(X — KX)— (X" — K"X™) =0,
X-X"=KX-K"X"
=KX -K'X"+K"'"X - K"X,
(X -X"+K'(X"-X)=(K-K")X.
Therefore
(X =X =~ K [K — K™ X,

and, upon taking norms,

[(X —X™)||=||(I-K")" (K-K")X
< | =K HIK - K™ 1X],
leading to
II(XH;"IC”)H <l - & & - k7|

which can provide an error estimate for X"™. Furthermore, it can be
shown that3® |[(I — K")™' — (I —K)™'|| = 0, and so as n — oo the first

381f A : H — H is bounded and invertible, B : H — H is bounded, and ||A — B|| <

]|A1—1|'|: then [17, p. 71] B is invertible and

“A“1H2 14 — B|
L —||A-Y| ||A - B

|4~ =B <
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term on the right side becomes || (I — K)™° |, which is bounded by The,.
rem 3.40 (this is where compactness enters into the problem). Obvious)y
| — K"|| — 0 and so X" — X in norm. The proof can also be dong
at the function space level if one can approximate the operator K by g
sequence of finite-rank operators K™ such that ||[K — K| — O.

Replacing A with (I — K) and B with (J — K ™) proves the statement.
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