Spectral Theory of Linear
Operators

In this chapter we examine the spectral properties of operators commonly
encountered in electromagnetics. We emphasize the role of eigenvalues
and eigenfunctions in spectral theory since these quantities play an impor-
tant role in many applications, as both mathematical and physical entities.
The primary goal of this chapter is to present elements from the spectral
theory of operators on infinite-dimensional spaces. Operators on finite-
dimensional spaces and their associated matrix representations are also
briefly covered, as this material forms an appropriate starting point for
discussion.

After considering the finite-dimensional case, we then show that for
certaln classes of operators acting on infinite-dimensional spaces, simple
results may be obtained. In particular, when the operator is compact and
self-adjoint, the spectral theory becomes relatively simple. Similar results
are obtained if the operator is unbounded, self-adjoint, and positive with
compact inverse. Fortunately, these two cases occur quite frequently in
physical applications. For example, the first case frequently arises in the
study of integral equations pertaining to shielded electrodynamic problems
and in the integral equation formulation of electrostatic problems. The sec-
ond class encompasses various differential operators that commonly occur
n electromagnetics applications.

The chapter begins with the presentation of the basic concepts behind
spectral elements, including the point, continuous, and residual spectrum.
Next, spectral properties of various operators are presented, including dis-
cussions of various eigenvalue problems. Spectral representations and ex-
pansion theorems are then presented for different classes ot operators. After
a section on functions of operators, the chapter concludes with a discussion

of the solution of operator equations using spectral methods.
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220 4. Spectral Theory of Linear Operatoy

4.1 General Concepts

Consider a linear operator A : H — H mapping a Hilbert space 1 i,
itself. The spectral problem consists, in part, of examining solutions of t},
equation

Ax = Az, (4.1)

where A € C is known as an eigenvalue (or characteristic value) and g c
D4, x #0,is called an eigenvector (or often eigenfunction if H is a functioy
space). We refer to this as a standard eigenvalue problem. It is convenient
for later work to write the above as

(A=A)z =0, (4.2)

where I is the identity operator on H.

Another, more general formulation is possible, involving two operators
A.B: H— H, given as

AT = ABz (4.3)

or

(A—AB)z =0 (4.4)

and called a generalized eigenvalue problem. Of course, (4.3) reduces to
(4.1) when operator B is the identity operator on H.

Finally, a third formulation commonly occurs in electromagnetic ap-

plications, known as a nonstandard eigenvalue problem. It is formulated
as

A(y)z =0, (4.5)

where v is called a nonstandard eigenvalue and z # 0 is a nonstandard
eigenvector. The operator A(7), dependent on the variable ~, is called an
operator-valued function (of 7). The standard and generalized eigenvalue
problems can also be viewed as special cases of (4.5), where, for instance,
we may consider the nonstandard eigenvalue as a parameter ~ such that

(A(7) = A() D)z =0,

Often we seek the value of the nonstandard eigenvalue v such that A(y) = 0.

Example 4.1.

Consider the microstrip transmission line depicted in Figure 4.1. The strip
is infinitely thin and perfectly conducting, and exists over z € (—00,00).
We seek guided modes of the transmission line in the form

E (r,t) = E (z,y) e!t—52)
H(rt) = H(z, Y) ei(wt—ﬁz):
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Figure 4.1: Geometry of a microstrip transmission line as considered in
Example 4.1. The determination of the guided modes of the microstrip
line can be associated with the spectral properties of a self-adjoint positive
operator.

where w 1s the radian frequency and (3 is the propagation constant, with
w,0 € R. Letting Vg x x, Vg - x, and Vgz be the differential operators
obtained from curl, divergence, and gradient, respectively, upon the substi-
tution 9/0z — —1i0, the problem of determining guided microstrip modes
can be formed as the spectral problem [1]

A(B)E = w’ (B)E,

where A : L2 (Q)° — L2 (Q)® is defined as

1
A(/B)E = 2 {Vﬁ X Vﬁ X E—SVQVg 'EE},

E:E,V; xE,V,; x Vs xEeL?(Q)?°,
VE'EEGHOJ?HXE]F:O |

D 4

with I' being the contour of both the strip and the ground plane. It can be
shown that A () is self-adjoint and positive, so that eigenvalues \(3) =
w? (B) are real-valued and positive! (see Section 4.2.6).

Furthermore, A in (4.5) may depend on a large number of independent
variables (in electromagnetics these may be frequency, transform-domain
wavenumbers, geometrical values, constitutive quantities, etc.), and usu-
ally A is nonlinear in these variables. In particular, (4.5) can be written
as A(7,y)r = 0, where one seeks a solution y(7). This often occurs in
resonance problems, where = represents a natural frequency and 7 1s a
vector of geometrical and constitutive quantities. The nonstandard formu-
lation also commonly occurs in complicated waveguiding problems, where
v would represent a propagation constant. In this chapter we concentrate
on the standard eigenvalue problem, although both the generalized and
nonstandard problems are also discussed.

'In [1] it is also established that the essential spectrum (for our purposes continuous
spectrum; see Section 4.1.2) of A is identical to the essential spectrum of the grounded
dielectric without the strip and that guided microstrip modes exist.
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4.1.1 Operators on Finite-Dimensional Spaces

Beginning with the finite-dimensional case, consider (4.1) where A € Cnxn
1S an n X n complex matrix (representing a. finite-dimensional operator wit}
respect to some basis, or the projection of an infinite-dimensional operat
onto a finite-dimensional space) and x € C"™ = D 4. The eigenvalues of A
are the solutions A € C of (4.1), which is equivalent to the set ol valueg
A for which A — M\ is not invertible. For every eigenvalue A, (4.2) has
nontrivial solutions x, which are the eigenvectors corresponding to that
particular eigenvalue. The set of all eigenvalues of A is called the spectrum
of A, denoted as o(A), i.e.,

o (A) = {)\ (A — /\I)_l does not exist} .

Because we are interested in nontrivial solutions of (4.2), we get as a
necessary condition

det (A — \I) = 0, (4.6)

which leads to an nth-order polynomial known as the characteristic poly-
nomeal. By the fundamental theorem of algebra, (4.6) has n roots, which
form the spectrum? of A.

Once a particular eigenvalue has been determined, its corresponding
eigenvector(s) can be found from (4.2). Those eigenvectors, together with
the zero vector, form what is known as the eigenspace of A for that partic-
ular eigenvalue (i.e., the null space of the operator A — A\I for a given A).
The case of the union of all eigenspaces spanning H is very important, as
1s discussed later in the spectral theorems.

The algebraic multiplicity of an eigenvalue is the number of times that
eigenvalue appears as a root of (4.6) (i.e., its multiplicity as a zero of the
characteristic polynomial), and its geometric multiplicity is the dimension
of the corresponding eigenspace. It can be shown that the geometric mul-
tiplicity of an eigenvalue cannot exceed its algebraic multiplicity:.

It 1s convenient to recall that the determinant of a matrix is equal to
the product of its eigenvalues, counting algebraic multiplicity, i.e.,

T

det (4) = [ ] A

1=1

such that if any eigenvalue has the value 0, then det(4) = 0 and A is not
invertible.

Regarding the location of the eigenvalues we have the following theoremn.

It is important to work within complex Hilbert spaces even when dealing with real-
valued matrices, because if we make the restriction A € R, eigenvalues may not exist.
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Theorem 4.1. (Gerschgorin circle theorem) Fvery cigenvalue of the op-
crator A 2 C" — C™ lies in one of the compler domains

A = aiil < 3 Jay|
j =]

for = 1;2;:u; T Yo
Proof. Let A be an eigenvalue that does not lie in one of the specifiel
domains. Then, |A —a;;| > Y7, a;;| and so (A — AI) is diagonally dom-
j i '

j#
mant. By Theorem 3.26, (A — A\I) has an inverse, which contracicts the
assumption that A is an eigenvalue. m

Furthermore, if the elements of the matrix A are continuous functions
of a parameter 7y, such that the eigenvalue problem is

(A(y) =A(v) )z =0,

then det (A (7)) is a continuous function of v and the eigenvalues A (v) vary
continuously with .

For all other values of A\, A — AT is invertible such that (4.2) has only
the trivial solution £ = 0. These values of )\ make up the resolvent set,
denoted as p(A), which is the complement of the spectrum, i.e..

p(A) = C — g (A).

4.1.2 Operators on Infinite-Dimensional Spaces

It turns out that the spectrum of a linear operator A : H — H, where H is
an infinite-dimensional Hilbert space, is much more complicated than for
an operator acting on a finite-dimensional space. Considering the operator
A: H — H and motivated by (4.2), it is useful to examine properties of
the linear operator Ay = A — AI, where [ is the identity operator on H.
We denote the domain of Ay as D4_y; = D4, which will be assumed dense
in H. The range of Ay will depend on A and may or may not be dense?
in H. As discussed in the previous chapter, the operator inverse to A, is
called the resolvent operator (or simply the resolvent), denoted as

Ry(A)= (A= X",

For a given operator A, R)(A) is an operator-valued function of \, ana-
lytic on p(A), with Ry—g (A) being simply the inverse operator A~!. If
Ry(A) exists for a particular ), then that A cannot be an eigenvalue since
(4.2) would only have trivial solutions. Therefore, it is not surprising that
spectral properties of an operator A can be determined by considering
properties of Ry (A) for various values* of :

3Recall from Theorem 2.7 that R4_ x; is dense in H if and only if (R, _\;)— = {0}
The dimension of (Ra_x;)" is called the deficiency of A for obvious reasons.

AThis classification scheme is not unique. Here we follow [2, pp. 125-127] and [37,
pp. 194-195|, among others.
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1. Values of )\ for which R)(A) does not exist (i.c., A — AT i8 nof

invertible and therefore (4.2) has a nontrivial solution).

The set of these values of A forms the point spectrum of A, .
noted as o, (A). Such values of A are called eigenvalues of A, and fo
a given eigenvalue A the corresponding nontrivial solutions x € H are
eigenvectors corresponding to that eigenvalue. Eigenvalues of A cap
be considered to be poles of the resolvent operator Ry (A).

2. Values of ) for which Ry(A) exists (i.e., A — Al is invertible an(
(4.2) has only the trivial solution z = 0):

(a) Closure of the range of A—\I is H (i.e., the range of A—)J
is dense in H):

i. if the above condition holds and Rj (A) is bounded, then
such a value )\ is called a regular value of A. Regular values
are not part of the spectrum of A, and therefore regular

values make up the resolvent set p(A).

ii. if the above condition holds and Ry (A) is unbounded (not
continuous), then such a value A is part of the continuous
spectrum of A, denoted as o.(A).

(b) Closure of the range of A — \I is a proper subset” of H.

The set of such values of A forms the residual spectrum of
A, denoted as o,.(A).

The total spectrum is then
0(A)=C—p(A) =0,.(A) Uop(A) Uoc.(A).

Note that we associate with operators on complex finite-dimensional
spaces a point spectrum and a resolvent set, while the additional notions
of continuous and residual spectrum only arise in the infinite-dimensional
case. The residual spectrum does not usually occur in electromagnetic
applications,® while the point and continuous spectrum are extremely im-
portant in the analysis to follow.

Because the above criteria are fairly easy to apply, except possibly the
denseness condition, and since we will not be concerned with the resid-
ual spectrum here, then for our purposes it will be sufficient to check the
existence of R4(A\)—or the lack thereof. This will divide the continuous
spectrum and resolvent set from the point spectrum. If R A(A) exists, then

its boundedness can be used to separate the continuous spectrum from the
resolvent set.

A set X can be a subset of itself. To exclude this case, if X is a subset of Y and
X #Y, wesay X is a proper subset of Y.

®For an example relating to the residual spectrum, see the analysis of the shift oper-
ator in (2, pp. 126-127].

|
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In all examples presented here the residual spectrum will be empty (the
range of A — AI will be dense in H); in a few later theorems the lack of a
residual spectrum will be shown to be true for several classes of operators
important in electromagnetic applications (see Theorems 4.18 and 4.26).
It is worthwhile to note that for a linear operator on a complex Hilbert
space, the spectrum is never empty.

Finally, since we are primarily interested in the point and continuous
spectrum, and since we will later identify elements of the continuous spec-
trum as having some properties similar to those of eigenvalues, we introduce
the concept of the approrimate spectrum (2, p. 127).

Definition 4.1. Consider a linear operator A : H — H. A value )\ is in
the approximate spectrum of A, denoted by o, (A), if there exists a sequence
of elements xn, € D4 with ||z, || = 1 such that |[|[(A— M) z,|| < 1/n. The
elements Ty, are called approximate eigenvectors of A, and the correspond-
ing values X\ € 04 (A) are said to be approzimate eigenvalues of A.

Theorem 4.2. The approzimate spectrum of a linear operator A : H — H
contains the point and continuous spectrum of A, but not any elements of
the resolvent set.

Proof. Let A, € o, (A), with corresponding eigenfunction z,, ||z,|| =
1. Because (A — A\,1)z, = 0, the desired inequality is seen to hold for
all finite n. Now, let A € o, (A). Because by definition (A4 — \I )_1 IS un-
bounded, there exists a sequence of functions y,, such that || (A — AI) ™" yn||
> nl|lynll. With z,, = (A — X)"" y, we have ||z,|| > n|[(A = \]) 2|, or
|(A—= M) z,|| < (1/n)||z,|| and so with ||z, || = 1, X clearly belongs to the
approximate spectrum. If A € p(A), then (4 — \I )‘1 is bounded and so A
cannot be in the approximate spectrum. =

Elements of the residual spectrum may or may not be in the approxi-
mate spectrum.

Examples of Point Spectrum, Continuous Spectrum, and
Resolvent Set

1. For the operator A : H — H defined by Az = ax, where o € C (i.e.,
multiplication by a complex number, A = al), all vectors © € H,
z # 0 are eigenvectors with eigenvalues A = «. The only point in
the spectrum is A = «, which has infinite multiplicity assuming H is
infinite dimensional. Therefore, the resolvent set is p(4) = C — {«} .
In particular, for « = 1 we have the identity operator, and for « = 0

we have the zero operator.

- i
. -0 0 , .
2. For the matrix operator T eigenvalues and corresponding

-
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cigenvectors are determined from (4.6) and (4.2) as

- -

A:25 m: 0 3

n(}{-

_—7ﬁ-
ﬁ )

= il

where a, 3 # 0, such that p(A) = C — {2, -5}

3. The multiplication operator A : L2(a,b) — L?(a, b) defined by

(Az) (t) = f(t)=(2)

is a linear bounded operator assuming max; | f(¢)| < oo.

First, consider the case of f(t) = ¢, where ¢ € C 1s a constant.
Then
(A=) "tat) = (c— N x(t)

such that the resolvent fails to exist for A = ¢, which 1s an eigenvalue
of A (any nonzero z € L?(a, b) is a corresponding eigenvector). For all
other values of \ the resolvent exists and is bounded, and therefore the
continuous spectrum is empty and the resolvent set is p(A) = C—{c}.

Next, consider the case where f(¢) = t. Then, by considering
(A=A a(t) = (t— ) z(t),

it is clear that the resolvent generally exists but is unbounded if
a < X\ < b. Therefore, every A € |a,b] is in the continuous spectrum.
For all other values of A the resolvent exists and is bounded, and
so the point spectrum is empty and every value \ ¢ [a,b] is in the
resolvent set (note that although (¢t — X\)§(¢ — \) = 0, §(¢t — \) ¢ L?
and so &(t — A) is not an eigenvector).

4. The differential operator A : L#(0,00) — L#(0, 00) defined by”

d

(Az) (t) = —z(t),

Di= {:c T, %m(t) e L?(0, oo)}

is a linear unbounded operator. Consider the equation

(A=) z = (2" — Ix) = —y.

For y = 0 and Re(\) < 0, (A— AI)e? = 0 so that e is an
eigenfunction of A with eigenvalue A (with Re(A) < 0; for Re(A) >

"Strictly speaking, x must be absolutely continuous on (0, c0).
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0, eM ¢ L?(0,00) and so in this case ¢ is not an eigenfunction).
Therefore, 0,(A) is that part of the complex A-plane with Re(A) < ()
(the left half-plane).®

Next, consider the solution of (A — M)z = (z' — Ax) = —y for
y # 0. The formal solution is®

#it) :/ ATy (1) dr
J

and so the resolvent operator is formally identified by

RA(A)QZ/ M Ty(7) dr.
t

This operator exists and is continuous for all A such that Re(A) > 0,

and so this part of the complex A-plane (the right half-plane) com-
prises the resolvent set.

Finally, considering the case A = 0 (z(t) = [, y ) it can be
seen that the resolvent exists but is not contmuous (1 By not bounded;
compare with Example 12, Section 3.1.2), and so A = 0 is in the
continuous spectrum. This also remains true for Re(A) = 0, so o.(A)
is the imaginary axis of the complex A-plane. Because 0(A) = C =
p(A) U o-(A)Uop(A) Uo.(A), we see that the residual spectrum 1is
empty, i.e., 0,.(A) = (. Figure 4.2 depicts the sets o (4) and p(4) in
the complex A-plane.

5. Consider the differential operator A : L%(0,a) — L*(0,a) defined by

d2
—58(b),

{x T, dﬁim c L%(0,a),z (0) =z (a) = 0}.

il

(Az) ()

D 4

Eigenfunctions are found to be sin v Ant, with corresponding eigen-
values \, = (nw/a)®, n = 1,2,... (defining a branch of the square
root v/, leads to, for example, only positive integers n). The point
spectrum, which in this case is discrete, is o, (A) = {A,}, the resid-
ual and continuous spectrum are empty, and the resolvent set 1s

p(A) = C\ {\,}. This is depicted in Figure 4.3.

BNote that although the point spectrum is often discrete, this example shows that
this need not be the case.
“Indeed, differentiating = we obtain

Zalt) = / S AC=Ty(r)dr —y (£) = A / A=y (r) dr — y(t) = Aa(t) - y(t).
¢ ¢
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Figure 4.2: Complex A-plane depicting the sets o (A) and p (A) for the
differential operator in Example 4. The point spectrum o, (A) is the left
half-plane, the resolvent set p (4) is the right half-plane, and the continuous
spectrum o, (A) is the imaginary axis.

It should be noted that eigenfunctions of differential operators never
satisfy nonhomogeneous boundary conditions, since this generally wouldn’t
allow for the determination of )\; they satisfy either homogeneous condi-
tions. periodic conditions, or some sort of fitness conditions as described In
Chapter 5.

4.2 Spectral Properties of Operators

In this section we present some spectral properties important in both theory
and applications. We are particularly interested in linear independence.
orthogonality. and especially completeness of the eigenvectors of a given
operator class in a particular space. Even for general linear operators some
strong statements can be made, although the best situations arise when
the operators belong to some appropriately restricted class.

4.2.1 General Properties

It is very 1mportant to know when eigenvectors of an operator form a
linearly independent set. The next theorem addresses this issue.

Theorem 4.3. For a linear operator A : H — H, eigenvectors Ty, I, .-
z, corresponding to distinct eigenvalues A\, s, ..., \, form a linearly in-
dependent set in H.
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Im(\)

D (A)

Figure 4.3: Complex A-plane depicting the sets o (A) and p(A) for the
differential operator in Example 5. The point spectrum o, (A) = o (A) 1s

the discrete set of points A\, = (nm / a)z, n=1,2,..., and the resolvent set
0(A) is everything else.

Proof. Assume that {z1,22,...,%,} forms a linearly dependent set and
that z.,, is the first element that can be written as a linear combination of
the preceding (and thus linearly independent) elements {z1,x2, ..., Tm—1}

so that z,,, = :?_}1 a;x;. Applying the operator (A — A, 1) to this sum
we get

m—1 m—1
(A= AnD) Ty =0=(A—ApD) > aimi= Y o\ —An)Ti.
=1 =1

Because the elements on the right form a linearly independent set that
sums to zero with coefficients a; (A; — A\, then these coeflicients must all
vanish. We then have a; (A\; — M) = 0, but A; — Ay, # 0 by assumption and
soa; =0,7=1,...,m — 1. But then z,, = 0, which contradicts the fact
that z,, is an eigenvector. Therefore, we have shown that {1, z2,..., 2y
forms a linearly independent set. B

A linearly independent set can be converted to an orthonormal set by
the Gram—Schmidt procedure, as detailed in Appendix C.

Theorem 4.4. If a linear operator A : H — H has eigenvalues \,, and
eigenvectors x,, i.e., Az, = AnZn, then A\, — a and x, are eigenvalues
and eigenvectors, respectively, of the operator B : H — H defined as b =
A-al.
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Proof. Let the cigenvalues and eigenvectors of A be A, and x_ .
spectively. and let the eigenvalues and eigenvectors of (A — vl ) be g
Un. respectively. Then (A — al) yn = Ynyn and Ay, — @Yn = Tnln. su
that Ay, = (v,, + a)y,, which shows that y,, 1s an eigenvector of A wity,
eigenvalue 4,, + a. Therefore, y, = Tn and v, + o = Ap, OF Tn = = An — 0 g

The next theorem shows that parts of the spectrum of an operator gy,

often related to (perhaps different) parts of the spectrum of the adjoin,
operator.

Theorem 4.5. If ) is in the residual spectrum of a linear operalor A
H — H with deficiency m, then X is an eigenvalue of A™ of multiplicity m

That is. if A € 0,.(A), then X € g, (A*). |

Proof. For )\ € 0,(A), Ra_xs is not dense in H (by definition), and
SO (RA_),;)l is not empty. By Theorem 3.7, (RA_M)L = Nia-r1)" =
N - _x7.and so N,. 5, is not empty; hence \ € 0, (A*). The multiplicity
argument is fairly obvious. =

More generally, one can show the following [3, p. 228].

Theorem 4.6. For any bounded linear operator A : H — H,
c(A*) =7 (A). (4.7)

Proof. If A € p(A), then R4 ()\) is bounded, with the range of the
invertible operator (A — A\I) dense in H. The operator (A — AI) then sat-
isfies the conditions of Theorem 3.34, such that (A — AI)*" = (A" — Al
has range dense in H and is invertible with bounded inverse. Therefore.
A € p(A*), and we have o (4*) C 7 (A). Reversing the process by starting
with A € p(A*) leads to 0 (A*) C 7 (A) and hence 0 (A*) =7 (4). =

It is important to note that this result applies to the entire spectrum:
spectral elements o, 0., 0. do not necessarily individually satisfy (4.7).
In fact, the presence of a nonempty residual spectrum complicates relating
eligenvalues of A to those of A*. It turns out, however, that the point
spectrum of an operator is often related to the point spectrum of its adjoint.
as the following theorem states (see also Theorem 4.24 and [2, p. 90]).

Theorem 4.7. Let A,A* : H — H have empty residual spectra, and let A
have eigenvalues A, and corresponding eigenvectors x,, (i.e., Ax, = A\pTp).

Then A, are eigenvalues of the adjoint operator A* : H — H corresponding
to adjoint eigenvectors y, (i.e., A*y, = A\pyn), and

()\n — )\m) <$ﬂ1 ym) = 0. (—18)

Proof. Assume that A, z, are eigenvalues and eigenvectors, respec-
tively, of A : H — H and y an arbitrary function in the domain of
A*. Then (A—A)z, = 0 and (y,(4 — A\, I)z,) = 0 and, upon noting
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(y, Ax) = (A*y, x) we have ((A — A D) y,in) = ([A* = M)y, B ) == D,
Thus, cither (A* — )\n-].) y = 0, indicating 5 is an cigenvector of A* with
cigenvalue Ap, or (A* — )\, 1 Yy = [ # 0. If the latter is true and y is
arbitrary, then (f,x,) = 0 for [ arbitrary, implying z,, = 0. Because this
cannot occur, the former statement must be true.'”

To prove the relationship among the eigenvectors of A and A*, start with
Ary = Apy and A%y, = Ay, (under suitable ordering of the eigenval-
ues). Taking inner products we have (Az,,, ym) = ATy Ym) = An (Tns Ym)
and (A*Ym,Tn) = <)\=,.ﬂ,ym,:):n> = A (4m, Tn), where the latter becomes
(tns A%Ym) = Am (Tn,Ym). TForming 0 = (AZn; Urn) = A%y A Ym) =
An <mﬂ.} ym) — Am <-’Ena ym> leads to ()\,n — )\m) <$m ym) = 0, or (17?1: y?ﬂ> = ()
for .-\.n_ # )\m. |

Note that (4.8) can be interpreted as

Nax.1 L Na_x_T

for A, # Am. In particular, for a self-adjoint operator the set of eigenvectors
(if any even exist) corresponding to distinct eigenvalues forms an orthogonal
set. For nonself-adjoint operators, the set of eigenvectors (if any even exist)
and adjoint eigenvectors corresponding to distinct eigenvalues forms a bi-
orthogonal set.

Rayleigh Quotient

Assuming zi, T2, ..., T, are orthogonal eigenvectors corresponding to dit-
ferent eigenvalues A1, Aa, ..., \, of A: H — H, one can obtain the eigen-
values using the Rayleigh quotient representation,

ATy, Tr)

e B} (4.9)

Ap =

Of course, for (4.9) to be directly useful for calculation of the eigen-
value \,, one must know the eigenvector z,. However, if we consider the

functional
(Az, )

(, 2)

then it can be shown that for many types of operators (not necessarily
bounded) the functional F is stationary at z,, in the sense that first-
order errors in approximating the element z, lead to second-order errors

in calculating the eigenvalue \,. That is, if z = z, + O (¢), then F (z) =
A'n. + O (52) :

10, ack of a residual spectrum is important for the following reason: By definition,

feR A% _3. T By excluding the possibility of a residual spectrum the range of AY =N 1

18 dense in H, assuming )., is not an eigenvalue of A*. The conclusion that (f,zy) =0
for f arbitrary implies z, = 0 is only valid if f is an arbitrary element of H, or of a

space dense in H.

F(zx) = (4.10)

)
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:
() is stationary at all x,,, then all cigenvalues A, can bhe approy E
mated (to first order) using appropriate trial functions for z, . This i, F
common method in applications. Turthermore, if A is self-adjoint with
discrete spectrum, then various eigenvalues can be obtained from (4.10) |,
minimizing F (r). For instance, the smallest cigenvalue of A 18 equal 1
Mingep, F (1), with the minimum attained when = = z,, {2, p. 209]. Alsq
if 4 is bounded, the largest eigenvalue can be obtained as max,cp, F (1)
Often one can go further and develop so-called minimax theorems for of,
taining all eigenvalues \,, as minimizations of F'(xz) over specially choser
sets {r} within D 4. See, e.g., [4, pp. 419-421] for a detailed discussion.

Example 4.2.

Consider a source-free cavity occupying a region Q with perfectly conduct-
ing boundary surface ' and filled with a homogeneous medium character-
1zed by u,e. The electromagnetic field satisfies

V xV x E =Ek°E,
V- -E=0,
n x E|l. =0,

where k? = k2 = w?ue > 0 represents real-valued eigenvalues of the opera-
tor V x V x corresponding to eigenfunctions E = E,,. Then, the functional

wz(E):_l_(VxVxE,E):ifQVxVxE-EdQ (4.11)
" JE (E, E) LE Jo E - EdQ

is identically satisfied for E = E,, and stationary [5, p. 332| for all “trial’ |
eigenfunctions Ef = E,, + JE,, such that n x E! |, = 0.

4.2.2 Bounded Operators |

oy ks el WS RET

If a linear operator is bounded, then it turns out that its spectrum Is
bounded as well.**

Theorem 4.8. Let A: H — H be a bounded linear operator. The spec-

trum o(A) is a compact (therefore, necessarily closed and bounded) subsel
of the complez plane lying within the closed region |z| < ||A]| .

e — L L S s L

It can be easily seen that if A : H — H is a bounded linear operator
and |z| > ||A||, then z is in the resolvent set of A. Therefore, for a bounded
linear operator the resolvent set is never empty.

A more restrictive theorem relating to the eigenvalues themselves 15
easier to prove.

11 See Theorem 4.1 for an explicit formula pertaining to operators on finite-dimensional
Spaces.
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Theorem 4.9. If A is an cigenvalue of a linear bounded operator A« H —
H, then | A < ||A]l .

PI‘OOf. Sté:‘n,].‘tilflg W_'._t}]. A:T: == )\3‘;} WO Uht;ﬂ,in /1;]’;” s H/\’TH o l/\l H:j;‘ -
However, ||[Az| < ||A|l ||=| and so A x|l < ||All ||z]], implying [A] < [|A]|.
]

The concept of a spectral radius is motivated by the preceding.

Definition 4.2. The spectral radius of an operator, denoted as r,(A), is
the radius of the smallest closed disk, centered at the origin of the complex
plane, containing o(A). The spectral radius is given by

TLT(A) = sup ’)\‘
ANET(A)

The next theorem shows the connection between bounded operators
and their eigenvalues.

Theorem 4.10. A linear operator A : H — H such that o, (A) = o (A)

is continuous (bounded) if and only if the set {|\i],|Xa,...} is bounded.
Furthermore, ||A|l > ro (A).

Proof. Assume A : H — H is bounded. Then {|)\,|} is bounded

by Theorem 4.9. Now assume {|\,|} is a bounded set. Because ||Az|| =
Az|| = |A| ||z|| and || is bounded, then by Definition 3.6, A is bounded. =

4.2.3 Invertible Operators

An important observation can be made about the spectral properties of
invertible operators.

Theorem 4.11. Let A : H — H be an invertible linear operator with

esgenvalues A and corresponding eigenvectors x (recall that if A is invert-
ible, No = {0} from Theorem 8.24, and so A #0). Then, A= : H — H
has eigenvalues 1/\ and corresponding eigenvectors x.

Proof. It is given that we have Az = Az with \,z # 0. Because A™'
exists we have A7' Az = A~ ')\z such that x = AMA "1z, or A~z = (1/)\)z.
»

Furthermore, if A and A~! are bounded, then
o(A™Y) =7 (A)

The following theorem shows a relationship pertaining to similarity
transformations, which will be discussed in Section 4.3.1 In conjunction

with the theory of matrix representations of operators.



234 4. Spectral Theory of Lincar Operafoy,

Theorem 4.12. Let A : H — H be a lincar operator and lel Lhe lineg,
3 : . . 'S B 5 ,
operator T+ H — H be mwertible. The operators A and T'A'l (whic},

are called similar) have the same eigenvalues.

Proof. Let )\ be an eigenvalue of A with eigenvector . Then we hava
TAT ! (Tx) = TAx = TAx = )\ (T'z), showing that A 1s an cigenvalie of
TAT ' If X is an eigenvalue of TAT ! with eigenvector y, then TAT 'y =
Ay. and so AT~ 1y = ATy, showing that A is an eigenvalue of A. m

4.2.4 Compact Operators

Compact operators need not have any eigenvalues (as a common exam-
ple the integral operator A : L?(0,1) — L2(0,1) defined by (Af)(t) =
fg f(7)dr is Hilbert-Schmidt, and hence compact, but does not possess
any eigenvalues'?). However, if eigenvalues do exist, then the following

theorems are useful.

Theorem 4.13. Every spectral value A # 0 of a compact linear operator
A: H— H is an eigenvalue.

Proof. If Ry(A) = (A — )\I)_1 does not exist, then \ € 0,(A) by defi-
nition. Now, let A # 0 and assume that Ry (A) exists. Then (A — Al)z =0

implies z = 0, and so the Fredholm alternative 3.44 shows that (A — AI)z =
y is uniquely solvable for all y € H. Therefore, Rx(A) is defined on all

y € H and is bounded by the open mapping theorem (Theorem 3.27), and
AEp(A). =

Therefore, the continuous spectrum and residual spectrum of a compact

operator either are empty or are the zero element.

Theorem 4.14. Let A : H — H be a compact linear operator. Then, the

null space of A — M, A # 0, is finite dimensional.

Theorem 4.15. Let A: H — H be a compact linear operator. Then, for

a > 0 the number of eigenvalues A such that |A| > a is finite.

4.2.5 Self-Adjoint Operators

Self-adjoint operators may not have any eigenvalues (recall the multipli-
cation operator example, p. 226), but if they do possess eigenvalues, then
the eigenvalues and corresponding eigenvectors have some very desirable

properties.

12Ty see this consider A = 0 as a possible eigenvalue, leading to Az = 0z = 0. For the
operator in question this indicates x = 0. For some X # 0 as a possible eigenvalue, the
equation Az = Az implies z(0) = 0 and leads to x = Az’, the only solution of which is

g ==l
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Theorem 4.16. Lel AT 5 11 e 4 self-adjoinl lincar operator. Then
a. the cigenvalues of A are real, and

h. the cigenveclors corr csponding Lo distinel cigenvalues are orthogonal.

Proof. (a) Let @ be an cigenvector corresponding to eigenvalue A,
satisfying Ax = Ax. Then (Ax,x) = (\z,z) = A (x, ). Also, since A is self-
adjoint, (Ax,x) = (v, Az) = (x, \z) = X (z,z). Therefore, since (z,z) > 0,
\ =\, proving'® \ € R. (b) Let zy, 29 be eigenvectors corresponding to
distinct eigenvalues Ay, Ay of the self-adjoint operator A, so that we have
Ary = Mizy and Azy = A\pxg. Then Ay (21, 22) = (Azi,22) = (71, Azg) =
(11, A2T2) = A2 (T1,%2) = A9 (x1,x9), where the last equality comes about
since eigenvalues are real. We have (\; — \y) (z1,x2) = 0, and, since A #
\o, then (z1,22) = 0 as desired. m

Unfortunately, all eigenvectors of a self-adjoint operator are not neces-
sarily mutually orthogonal, only those corresponding to distinct eigenvalues
(although within each eigenspace we can orthogonalize the set). If an op-
erator is real and self-adjoint, then, if eigenvectors exist, they either are
real-valued or can be made so,'* although in the latter case orthogonality
will generally be lost.

Furthermore, beyond considerations of the eigenvalues themselves, we
have the following.

Theorem 4.17. The spectrum o(A) of a bounded self-adjoint linear op-
erator A : H — H 1is real and is a subset of the interval [— || Al , || A]l]-
Furthermore, for A € p(A),

1

Ry (A)|| < .
IR ()] <

The proof is fairly simple for the eigenvalues themselves, but more dit-
ficult for the entire spectrum.
The above indicates that for a self-adjoint operator, every A with Im A #

0 is in the resolvent set. We also have the following theorem regarding the
residual spectrum.

Theorem 4.18. The residual spectrum o.(A) of a self-adjoint linear op-
erator A : H — H 1is empty.

13Obviously this is also true if A is merely symmetric. Note also that the converse is
also true, i.e., that if an eigenvalue A is real-valued, then A is at least symmetric. To
see this assume ) € R, and note that (Az,z) = (Ax,2) = A (z,z) = Az, 2) = (x, A\x) =
(¢, Az).

MLt A: H — H be real and self-adjoint, with = being an eigenvector of A with
corresponding (real) eigenvalue A. Then (A - M) (z —-7) = (A-A)T = (A - A)T =
(A — X))z = 0, and therefore (x — ) is a (real-valued) eigenvector of A.
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The proof follows as a special case of Theorem 4.26 presented later. Ney,
that, at most., the spectrum of a self-adjoint linear operator will contaiy ,
discrete and a continuous part, and both will be bounded on the real ay.
il the operator is bounded.

For unbounded linear operators, where the distinction between self
adjointness and symmetry is important, we have similar results for o
erators that are merely symmetric, namely that the point spectrum an(
continuous spectrum are real (the residual spectrum, if it exists, need no
be real) and that eigenvectors corresponding to distinct eigenvalues are
orthogonal.

4.2.6 Nonnegative and Positive Operators

The eigenvalues of nonnegative and positive operators (recall that these
are special cases of self-adjoint, or at least symmetric, operators) have the
expected spectral properties detailed in the next theorem.

Theorem 4.19. All eigenvalues of a nonnegative linear operator are non-
negative. All eigenvalues of a positive linear operator are positive. 1

Proof. Consider Az = Az, with A nonnegative and = # 0. Then |
0 < (Az,z) = A{z,z) = \|z||?, which shows that A > 0 as required
Repeating for (Az,z) > 0 leads to A > 0. m

Similar statements can be made about nonpositive and negative op-
erators and about the entire spectrum o (A). For a bounded dissipative
operator (Im (Az,z) > 0) we have the following.

Theorem 4.20. The eigenvalues of a bounded dissipative linear operator
lre 1n the half-plane Im \ > 0.

Proof. Consider Az = Az, with A dissipative and  # 0. Then
0 < Im (Az,z) = Im (A (z,z)) = Im () ||z||*, which shows that Im A > 0
as required. =

Furthermore, it can be shown that o (A) lies in the half-plane Im A > 0.

4.2.7 Compact Self-Adjoint Operators

[t was shown previously that compact operators and self-adjoint opera-
tors may not possess any eigenvalues; however, if eigenvalues do exist,
then they have some convenient mathematical properties. When one con-
siders the intersection of these two classes of operators, namely compact
self-adjoint operators, the situation changes quite a bit as the following
theorems demonstrate. This will also be seen in later sections on spectral
expanslons.

The first thing to state about compact self-adjoint operators is that
they do possess an eigenvalue, at least one.
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Theorem 4.21. Let A S I be o compact self-adjoint hnear operator
on a nontrial Hilbert space. Then A has an crgenvalue A unth |A| = || A

Therelore, compact self-adjoint operators have at least one eigenvahie

I'his fact is also true for compact normal operators.

Theorem 4.22. Let {/\«n.} be the sef of distinct nonzero ergenvalues of a
compact, self-adjoint linear operator. Then. either {\,} 1s a finite set. or
Ny, ao Ay = 0.

Proof. Assume A is a compact self-adjoint operator with infinitely
many distinct eigenvalues \,,, and corresponding eigenvectors ,,. where the
<0t {;I‘Tn} 1s orthogonal simply by the distinctness of the eigenvalues since
4 is self-adjoint. Assume further that the eigenvectors are normalized to
become an orthonormal set. By the discussion in Section 2.5.6, orthonor-
mal sequences are weakly convergent to 0, and from Section 3.6.1 we have
0 = limp—oo ||[Azy|” = My, oo (AZp, AZ,) = liMp oo (AnTn, AnZn) =
My oo A2 [|Zn || = limy oo A2. ®

Note that the proof relies on compactness to convert the weakly con-

vergent sequence into a strongly convergent sequence. Theorem 4.22 also
follows from Theorems 4.14 and 4.15.

The last theorem indicates a potential problem with compact self-ad-
joint operators, namely that their eigenvalues \,, tend toward the origin
in the complex plane as n — oo. In later sections, when expansions of
operators and operator inverses are discussed, we will see that in this case
the fact that the inverse of a compact operator on an infinite-dimensional
space is unbounded (as discussed in the previous chapter) is analogous to
division by an eigenvalue tending toward the origin.

Similar to Theorem 4.13 we have the following theorem [6, p. 24|.

Theorem 4.23. Every spectral value A # 0 of a compact self-adjoint linear
operator A : H — H 1is an eigenvalue of finite multiplicity that can only
accumulate at A = 0. Conversely, a self-adjoint operator having these
properties 18 compact.

4.2.8 Normal and Unitary Operators

Concerning the spectral properties of normal and unitary operators, we
. =

have the following.!'®

The first theorem provides a relationship between eigenvalues and eigen-

vectors of a normal operator and those of its adjoint.

—

15Recall that because self-adjoint operators are always normal, the tollowing theorems
apply to self-adjoint operators as well.
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Theorem 4.24. [et A: H — H be a bounded normal linear operator. If
A ts an eigenvalue of A with * € H its corresponding eigenvector, the,

A 18 an eigenvalue of A* and the corresponding eigenvector of A* is

Furthermore, N4_y; = N, 5

Proof. If A is normal, then A — Al is also normal;_ From Theorer,
3.13 we see that |(A— M) z|| = 0 if and only if H (A* — )\]) T” = U. Fron,
Definition 2.31 this indicates that (A* — AJ)z = 0. =

The next theorem extends the orthogonality of eigenvectors correspond-
Ing to distinct eigenvalues in the self-adjoint case (Theorem 4.16) to the
case of normal operators.

Theorem 4.25. Let A : H — H be a normal linear operator. Then
Na-x,1 L Na_x,1 for \n # Am.

Proof. Let z, € Ny_, s and z,, € Na—a,.1, :z:n,“z:._nl_# 0. From
(AZn, Tm) = (Tp, A*z,,), we obtain (AMnn;Tm) = <;Irn,Am,.rm>. Then
(A — Am) (T, Trn) = 0, which implies (z,,T,,) = 0 since An, — A £ 0. 0

The next theorem is worthwhile to note since it makes any consideration
of the residual spectrum for normal operators unnecessary:.

Theorem 4.26. The residual spectrum of a normal linear operator is
empty.

Proof. From Section 4.1.2 (see p. 223) it is enough to show that if
A — M is invertible, then R4_»xs is dense in H. To show this, assume
A — X is invertible (and so one-to-one) and let y be orthogonal to fa—xr
We then have 0 = ((A — A\) z,y) = <:L‘, (A* — XI) y) for all z € H. It then
follows from Definition 2.41 that (A* —AI)y = 0, and so y € N . _3; -
From Theorem 4.24 it follows that y € Na_ ;. Because A — Al 1s one-to-
one, then Ny_»; = {0}, and therefore y = 0. We then have R4_,; =104
and by Theorem 2.7(c) R4_); is dense in H. ®

Furthermore, for typical differential operators the residual spectrum Is
empty, but this is not a general result.

The next theorem provides a nice geometrical picture of the eigenvalues
of unitary operators.

Theorem 4.27. All eigenvalues of a unitary linear operator A : H — H
are complex numbers of modulus 1. Furthermore, o (A) lies on the unit

circle |\ = 1. For |A| # 1,
<
L= Al

Proof. We prove only the first part of the theorem. Let A be unitary
and let A be an eigenvalue of A with corresponding eigenvector = € H.
Then (Az,Az) = (Az,Az) = |A\2\|$|]2 Also, (Az, Az) = (z, A*Az) =
(z,z) = ||z||®, leading to [A| = 1. m

| R (A)
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4.2.9 Generalized Eigenvalue Problems

While attention is usually focused on the standard eigenvalue problem,
ceneralized and nonstandard cigenvalue problems, and eigenvalue problems
utilizing a pseudo inner product, are also of interest in electromagnetics.
In this and the next two sections we briefly present some results concern-
ing more general eigenvalue problems. Much of the material follows that
presented in {7, Ch. 3] and [2].

Recall that the generalized eigenvalue problem is given as

Ax = ABz (4.12)

or, equivalently,
(A= AB x=0. (4.13)

In this case it is not enough for the operators A and B to be self-adjoint
for the spectrum to be real.

Theorem 4.28. Let A,B : H — H be self-adjoint (or symmetric) linear

operators such that (Ax,x) # 0 or (Bx,z) # 0. Then eigenvalues corre-
sponding to Ax = A\Bx are real-valued.

Proof. First assume that (Bz,z) # 0. Then, given Az = ABz we

0.
have (Az,z) = A (Bz,z) and (z, Ax) A (z, Bz). Since A and B are
symmetric, then A (Bz,z) = X (Bz,z), or (A — A) (Bz,z) = 0. Therefore,
()\ )\) = 0, which proves e1genva1ue8 A\ are real if (Bx,z) # 0. The
value of (Az,z) is immaterial. Now assume that (Az,z) # 0. Then, given
Az = ABz with X # 0 we have (1/)\) (Az,z) = (Bz,z) and (1/A) (z, Az) =
(3:: Bz). Since A and B are symmetric, then (1/)) (Az,z) = (1/)) (Az, x),

((1/)\) — (1/)\)) (Az,z) = 0. Therefore, ((1/)\) (1//\)) = 0, which
proves that eigenvalues A\ are real if (A:r:,$) # 0. The value of (Bz,z) is
immaterial. =

Therefore, if A and B are self-adjoint, or at least symmetric, and either
A or B is definite (positive, positive definite, negative, or negative defi-
nite as defined in Section 3.5), then the eigenvalue problem (4.12) admits
only real eigenvalues. For A and B self-adjoint or symmetric, complex
eigenvalues can occur only if both A and B are indefinite.

As with the ordinary eigenvalue problem, one can investigate orthogo-
nality of eigenvectors for the generalized eigenvalue problem.

Theorem 4.29. Let A,B : H — H be self-adjoint (or symmetric) oper-

ators. Then eigenvectors corresponding to Ax = ABx satisfy the orthogo-
nality relationships

()\n — )\m) <B$m$m> = 0,

( L ._1 ) (AZp, Tm) =0
An Am

(An, Am # 0 in the last expression).




240 4. Spectral Theory of Linecar Operatg,.
:
:

Proof. We have <Aﬂ3n} :Bm,> — </\ﬂ,B$ﬂ,j Tm> — /\n <B-Tﬂj mTTL) = <'7-:T.J.1 B'Trn; i
and (A2, Tn) = AmBTm, Tn) = Am (BTm,Tyn). Using both expressiong |

we obtain (Axy,,zn) = Am (BT, Tn) = Am (Tn, BTm) = An(Tn, Bz,

therefore, (A, — A) (Tn, Bzm) = 0 and using self-adjointness of B
have the first result. A similar procedure leads to the second relationshiy,
o

If one of the operators A or B is definite, then A, € R and the orthog.
onality relation holds for distinct eigenvalues A, # Am.

Example 4.3.

Consider Maxwell’s equations applied to the interior of a source-free cavity
Q) bounded by a perfectly conducting, closed surface L,

V x E(r) = —iwpH(r),
V x H(r) = iweE(r), (4.14)
nxEl.=0.

This set of equations can be described in operator form as

(o 5 (8) =200 2) (%)

or

with the operators A, B : L2 (2)® — L2 (Q)° defined by

. 0 V X (e 0
?'(-—VX 0 ) B:(O ﬂ)’

DAE{X:X,VXXELQ(Q)ﬁ,HXX|F=0},

A

DBE{x:XELZ(Q)ﬁ}.
The operators A and B can be seen to be self-adjoint, and since B 1s

clearly positive definite for €, 4 > 0, by Theorem 4.28 we see that the

. _ . . _ ([ By
resonance frequencies A, = wy are real. Eigenfunctions x,, = Ho)
(2

corresponding to distinct eigenvalues w,,, are orthogonal in the sense

(wn — wm) (BXn,Xm) = (wn — wm)/ (€En - E,, + uH,, - Hy,) dQ = 0.
0

If A and/or B is not symmetric, then we have the following.
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Theorem 4.30. If x,, are cigenvectors of Ax = NBx, with corresponding
cigenvalues Ay, then Ay, are eigenvalies of the adjoint equation A%y =
\* B*y corresponding to adjoint eigenvectors Un (1.€., Ay, = A\n ), and

(An — Am) (BZp,Ym) = 0,

1 1
A\ \ <A:Em ym) = ()
T m,

(Any Am 7 0 n the last expression).

As with Theorem 4.7, we assume that the residual spectrum 1s empty.
The proof follows along the same lines as in the previous cases. Moreover,
the result for eigenvalues holds for the entire spectrum,

o(A,B) =a(A*, B").

4.2.10 Eigenvalue Problems under a Pseudo
Inner Product

We now restate three theorems presented in previous sections, this time
using a pseudo inner product. Since a pseudo inner product does not
generate a Hilbert space, here we consider linear operators A, B : X — X,
where X is a pseudo inner product space (see Section 2.5.2).

For the ordinary eigenvalue problem Az = Az, Theorem 4.7 becomes
the following.

Theorem 4.31. If z,, are eigenvectors of the linear operator A: X — X,
with corresponding eigenvalues \, (i.e., Az, = A\Zp), then A\, are also
eigenvalues of the pseudo adjoint operator AP*(X) corresponding to adjoint
eigenvectors yn (i.e., AP*y, = A\pyn ), and

(An — Am) <$mym>p = 0.

The proof follows along the same lines as the proof of Theorem 4.7,
and, in fact, more generally

og(A) = o (APF).

For a pseudo self-adjoint problem (A = AP* and, upon suitable ordering,
Yn = Zn), we have the orthogonality relationship (A, — e EBees B , = 0.

For a generalized eigenvalue problem Az = ABx, Theorem 4.29 becomes
the following.

Theorem 4.32. Let A, B : X — X be pseudo self-adjoint (or pseudo sym-
metric) operators. Then eigenvectors corresponding to Ax = ABa satisfy
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the orthogonality relationships

L r'l,-,q.___q-_-.-."-rl-" - 5 e

(/\fn. T )‘?Th) (Bm’rla 'T’Tn>p — Oa
1 |
(XZ A) Vi Ty =1

(AnsAm # 0 1n the last expression,).

For the case of a generalized nonpseudo self-adjoint problem, Theorep,
4.30 becomes the next result.

Theorem 4.33. If z,, are eigenvectors of Ax = ABx, with correspondin,
ergenvalues A, (i.e., Ary, = \p BTy ), then A, are eigenvalues of the pseud,
adjoint equation AP*y = \P*BP*y (i.e., \b* = X, ) corresponding to pseuds
adjoint eigenvectors vy,, and

:

()\n — /\m) (ana ym>p = 0,
1 1
( ) ) (AZn, Ym)p =0

Aﬂ: ™m

(Ans Am # 0 in the last expression).

Again, the more general relationship
o(A, B) = a(AP*, BP*)

holds, and we assume that the residual spectrum is empty in all cases.

4.2.11 Pseudo Self-Adjoint, Nonstandard Eigenvalue
Problems

Recall that the nonstandard eigenvalue problem (4.5) is given as
A(y)x =0, (4.15)

where 7 1s called a nonstandard eigenvalue and x is a nonstandard eigen-
vector. Usually A is a nonlinear operator-valued function of ~.

In the general case, not much can be said concerning the spectral prop-
erties of the nonstandard eigenvalues v and eigenfunctions . Furthermore,
recalling that pseudo seli-adjointness is a far weaker property (for complex
spaces) than self-adjointness, it is interesting and very useful to note that it
a nonstandard eigenvalue problem is such that A() is pseudo self-adjoint,
then it is easy to obtain a stationary functional for the nonstandard eigen-
value ~v. In fact, that stationary functional is related to a Galerkin solution

of the operator equation. The analysis presented here follows [8], where a
more general problem is treated.
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We assume that the operator A (7) in the nonstandard problem is psencdo
self-adjoint, (A:I:'??/>p — (?}-}A.:’ff‘)?J,, which is physically associated with reci-
procity. A variational expression for a nonstandard ei genvalile v 19 obtained
(rom

F(v,2) = (z, A(y)z), = 0.

We form the first variation of F' by replacing v and = with v + dv and
v + dx, respectively. Therefore,

F(y+0v,x +0x) = (x + dz, A(y + 6v) (z + oz)), = F(v,z) +oF. (4.16)

Defining A" = 0A(y) /0y = [A(y + 6v) — A(y)] /67 [9, Ch. 4], which
approaches the derivative of A as §y — 0, and neglecting second-order
terms result in

0F = v (z, A’m)p + (z, Adz), (4.17)

where we have used (4.15). Exploiting the pseudo self-adjointness of A,
(v,Adz), = (Az,dx) , the second term in (4.17) vanishes, resulting in

OF = vy (z, A'z),, . (4.18)

Therefore, 0y = 0 is a stationary point of the functional F' (unless it hap-

pens that (z, A’ (’Y)x)p = 0), such that at §y = 0 the first variation of F

vanishes. Thus, first-order errors in z result in second-order errors in +.
In a method-of-moments solution of Ax = 0,

z, A(v)z), = (A(7)z,2), =0

is simply Galerkin’s method, which is widely used to solve a variety of
integral equations occurring in applied electromagnetics. It is easy to see
that if  is approximated by a series of basis functions, z ~ T = Y _,_, a;Z;,
then (A(y)z,z), = 0 becomes a stationary (nonlinear) functional equation

H () = det[Z(7)] = 0,

where Z is the matrix with elements Z;; = (A(y)z;, z;) »- Since for electro-
magnetic applications in reciprocal media the resulting operators are gen-
erally pseudo self-adjoint (see the footnote on p. 162), natural resonance
and spectral problems typically exhibit this stationary characteristic. An
example is provided in Section 8.3.

We assume that the equation H(vy) = 0 leads to the first-order root v =
%. A second-order root is obtained by imposing the additional condition
0H(vy) /0y = H'(y) = 0. The system of equations

H(vy)=H'(7) =0

(with some additional constraints) has been applied for the numerical de-
termination of various critical points in waveguiding problems in [10] and
references therein. The above procedure also holds if A is self-adjoint,
(Az,y) = (y, Az), by replacing (-, ), with (-,-).
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4.2.12 Steinberg’s Theorems for Compact Operators

Several theorems relating to the spectral properties of identity-plus-com,
pact Fredholm operators are presented by Steinberg in [11] (sce also [I"Z]]
In the following theorems A is a compact operator on a Banach space

Theorem 4.34. (Analytic Fredholm theorem) If A (7y) s an analytic fom.
Wly of compact operators'® for v € €1, where §2 is an open, conmnected subset
of the complex plane, then either

o (I — A(y)) is nowhere invertible in §2, or else
o (I—A(N))™" is meromorphic in .

[f the second result holds, then there exists a discrete set of value's { Vn |

that are the poles of the inverse operator. In this case (I — A (7)) " exists
and is analytic at all points v # Yn, and for v = 7, the equation

(I—-A(y)z=0

has a nontrivial solution in B.

Note that the set {7, } may be empty. Therefore, Theorem 4.34 1s not
an existence theorem for poles. Rather, it guarantees that if the second
condition holds, then if singularities are present in 2, they will be pole
singularities.

Example 4.4.

Consider scattering from a perfectly conducting, finite-sized object having
a sufficiently smooth surface S located in free space. The magnetic field
Integral equation (1.118)

/[_G_'.me(rgr’)-c]z(r)] XﬂdS’_l_;Jz( )-—-—-IIXHT: (I')} ref (419)
S

can be used to determine the induced current density J2 caused by an

excitation H*, which can, in turn, be used to determine the scattered field.
From (1.79),

Ge(r,2’) - Ji(r) = (Vg(r,r') x I) -J3(x")
= Vg(r,r') x JZ(r"),

where g = (e 7%%) / (47 R) is the usual free-space scalar Green’s function
and k = w,/uop€p, we obtain the integral equation

J’ (r) ——2/ nx(Vg(r,r') x Jg(r’)) dS' = 2n x H* (r), reS. (4.20)
g

16 This means that A () is analytic and compact for each v € Q.
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This can be written as
(I — A(k))J(r) = 2n x H' (r)

for r € S, where the operator A (k) : L2 ()’ — L? (©2)”, defined as

. !
—?,krlr—r ‘

(AJ) (r) =2 /n < |V~ « J ()| dS’

A7 |r — 1’|

LV

for suitable currents J, is compact as discussed in Section 3.6.2 and clearly
analytic in the finite k-plane. (I — A) is invertible for some k and therefore,
by the above theorem, (I — A (k))”" is a meromorphic operator-valued
function of k. This establishes the existence of a discrete set of nonstandard
eigenvalues {k,} € C, at which points the inverse does not exist. It is well
known that this set 1s not empty.

Viewed as a spectral problem,

(I — A (k))%xn = A (k) Xn,

the values of k,, are such that A\, (k,) = 0. These points lead to comple.x—
valued resonance frequencies w,, = kn//Ho€o, Which are called the exterior
resonances of the object and which may be determined from

det (I — A(kyn)) =0.

In many cases it is assumed that the poles are simple, which can be
proven for S corresponding to a spherical surface. By the Fredholm al-

ternative (Theorem 3.44), because (I — A (k)™ does not exist at k = kn,
nontrivial solutions x,, and y, exist such that

(I — A(k))x, =0,
(I — A7 (k)) Yn =U.

The eigenfunctions and adjoint eigenfunctions x,, and y,, respectively, for r
a bi-orthogonal set (although not necessarily a basis) in L2 (Q)°.
For k # k,, the solution of the integral equation is

J5(r) =2(I — A(k))”" nxH (r),

and since poles are the only singularities in the finite k-vlane bhe Mittag
Leffler theorem [13] can be used to expand the inverse ), u tella
of the associated spectral parameters (see (14|, and, i

This important result, originally obtained from the mayg

equation by a somewhat different method in [16], was use

theoretical basis for the singularity expansion method deve.

17]. By the uniqueness theorem the exterior resonances a

with the object, and not the mathematical formulation.
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For some additional applications in electromagnetic scattering, see [w;
The next theorem extends the above result to include the dependay,,

of the inverse on a nonspectral parameter 7 € R.

Theorem 4.35. Let A (y,7) be a family of compact operalors analytic ;|
Y € Q, where Q is an open, connected subset of the complexr plane, and |,

A (y.7) be jointly continuous in (v,7) for each (y,7) € & x R. Then,

o if (I — A(v,7)) is somewhere invertible for each 7, (I — A(y,7))”
is meromorphic in 7y for each T,

e if 7o is not a pole of (I — A (7, TO))ﬁlj (I—A(,7))
tinuous in (y,7) at (y0,70), and

—

1S J01ntly con.

e the poles v (1) of (I — A (7, 'r))_l depend continuously on T and cap
appear and disappear only at the boundary of {2 (which may extend

to infinity).

In typical electromagnetics applications, 7 represents a geometrical pa-
rameter, and 7 represents frequency In a three-dimensional problem or
propagation constant in a two-dimensional problem. The above theorem
can be applied to establish (a) the existence of a discrete set (possibly
empty) of nonstandard eigenvalues 7, for a given 7, (b) the continuity of
the inverse operator with respect to spectral and structural parameters
and (c) the continuity of the spectral values v, (7) as a function of 7. kor
example, this theorem can be used to show that the exterior resonances
k,, described in Example 4.4 smoothly vary as the shape of the scatterer §
smoothly varies.

In electromagnetics problems involving lossy media or infinite media
the domain of analyticity Q often is constrained by the presence ot branch
point singularities, as the next example demonstrates.

Example 4.5.

As in Example 4.4, consider scattering from a perfectly conducting, finite-
sized object having a sufficiently smooth surface S, but this time let the
object reside within an infinite parallel-plate region with plate separation
a. As in the previous example, the magnetic field integral equation (1.118)

/ G, (r,r') - J5(r)] xn dS' + %Jg (r) =n x H* (r), r €S, (4.21)
S

can be used to determine the induced current density J$ caused by an
excitation H*. In this case, the Green’s dyadic G, . accounts for the infinite

parallel plates (see Sections 8.1.2 and 8.3.2) and is given by (8.197) with
(8.203) and (8.208),

.Q.TRE (I', rf) =V X —Qﬂ' (I',I")
=V x (XX Gy (r,v') + (yy+22) GH (r,1")) ,
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1 , N N :

oo iy o B | 1\ / (2)

Gp (r,1) = 5~ D sin (‘) o ("'”7) o™ (np).
l

(l

s (4.22)
. n VI
GE (r,r') = Tin E €y COS (——::) COS (E-}—-’T:’) H® (hnp)

=0

(1

with

2
n = k}z — (H> ;
=i = (%

We obtain the operator equation
(I —A(k))Jé (r) = 2n x H' (r)

for r € S. The operator A (k) : L* (Q)B — J* (Q)Sj defined as

(AJ) (r) = -2 / G,,.(r,x') - J(r')] x ndS’

for suitable currents J, is compact but clearly not analytic in the finite .-

plane, since the Green’s dyadic is a function of the parallel-plate waveguide
dispersion function ,,.

Concentric regions {2, may be defined in the complex k-plane wherein

A (k) is analytic,
T
{k k| < E}’

2
{k:£<\k\<—ﬂ}}
a a

an{kﬂqkk(nﬂ)w}?

a a

il

(2

(2

such that (I — A (k))™" will be meromorphic in each €,. The poles of the
resolvent, k,, may appear or disappear at the values k¥ = nn/a, which
defines the cutoff condition for parallel-plate waveguide modes (at cutoff
forward and backward propagating modes intersect, and below cutoff they
become evanescent).

4.3 Expansions and Representations,
Spectral Theorems

In this section we are concerned with simple representations of linear op-
erators. We first discuss the matrix representation of linear operators on
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finite-dimensional spaces, where it is often of interest to obtain as simp,.
a matrix representation as possible. Conditions under which an opep,.
tor has a diago]mj matrix 1‘epresenta.tion are stated. If a. (_lin.gorm,l makr)y
representation is not possible, then other fairly simple representations ay
discussed.

We will see that the prime consideration for this topic 1s the choice ¢f
an appropriate basis set. For example, in Section 3.1.2 we found that ,
bounded linear operator A: H — H has the matrix representation

g <A$11$1> <A$21x1>
<A$11 '172) <Am21 $2>

.

with respect to the basis x ={z1,2,...} of H (the matrix has finite (in-
finite) dimension if H is finite- (infinite-) dimensional). It is clear that if
the basis x is such that (Az;,z;) = 0 for 7 # j, the matrix representation
of A will be diagonal. Conditions for this to occur will be discussed, but
as a preview if z; is an eigenvector of A corresponding to the eigenvalue
Xi, then (Az;, z;) = (Mzi, z5) = N (x4, x5). If (x4,25) = 0 for 2 #+ 7, the
off-diagonal entries of the matrix will be zero. However, there also needs
to be enough eigenvectors, so that they form a basis for the space H.

This section begins by considering the matrix representation of opera-
tors on finite-dimensional spaces with respect to different bases. Operators
that have a diagonal representation with respect to some (eigenvector) basis
are identified, and similarity transformations from an arbitrary basis to an
eigenvector basis are discussed. Operators on infinite-dimensional spaces
are considered next. Although one may view the infinite-dimensional case
in the same way as the finite-dimensional case—that 1s, as a question of
finding a diagonal matrix representation of the operator—it is more useful
to focus on the (essentially equivalent) eigenfunction expansion problem.
Operators on infinite-dimensional spaces that possess a complete eigenfunc-
tion basis are identified, and associated expansions are discussed.

4.3.1 Operators on Finite-Dimensional Spaces

Because the spectral theory of operators on finite-dimensional spaces 18
much simpler than that for operators on infinite-dimensional spaces (re-
call that in the finite-dimensional case o, and o, do not exist, and o 1S
purely discrete), and since electromagnetic problems are often ultimately
cast as numerical matrix problems, we begin this section with some ele-
ments from the spectral theory of matrices. For generality, we work within
finite-dimensional Hilbert spaces H{*, HJ", with the superscript indicating
the dimension of the space.
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Equivalent and Similar Matrices

Recall from the examples in Section 3.1.2 that the bounded operator A

m. 1q 1 - . . : -
H] — H3" 1s uniquely represented, for x ={x,Xg,...,Xn} a basis of HY
and Y ={y1, ¥2,---,¥m} a basis of f " by the m x n matrix [a;;] y &

C™*", where a;; = (Az;,y;) and the subscript indicates the basis pairs.'”
If x,y are the standard bases in " — C" H' = C™, respectively, then
0 4] _ is called the standard matriz representation of the linear operator
A. The matrix representation of a given operator will, of course, be different
for different bases, and it is often desirable to achieve a matrix represen-

tation that 1s as simple as possible, perhaps triangular or even diagonal in
form.

It can be shown that for a given linear operator A : H? — HJ", repre-
sented as [a;;], ,, in the pair of bases {z,,} and {y,}, and as aijle o in the

pair of bases {{,} and {(,}, the two matrix operator representations are
related as

@45,y = [PleLy [045]e ¢ [@leay (4.23)
In the above, the m x m matrix [P]._,,and the n x n matrix Qe
are nonsingular transition matrices from the bases ¢ to y and £ to X,
respectively[19, p. 127].1® Note also that if [Q] ¢ is a nonsingular tran-
sition matrix from the basis £ to the basis x, then inversion of the matrix
reverses the operation, i.e., [Q]gix is the transition matrix from the basis
x to the basis {. If the bases are orthonormal, then [P] and [()] are uni-
tary (therefore, [P][P]" = [I]); by Example 2 in Section 3.3.2 if the bases
are orthonormal, then the inverse of [P] or [@Q] is easily computed as the
conjugate-transpose matrix.

T'he two matrices |a;;], . and [a;;], . in (4.23) are said to be equivalent,
in the sense that the set of all matrix representations of A with respect to
different pairs of bases defines an equivalence class of matrices that all
represent the “parent” operator A : H — HJ* in C™*™.

Now, for simplicity, consider a finite-dimensional operator A : H" —
H™, represented as [a;;], in the basis x (a;; = (Ax;,%;) ) and as [ai;|, In
the basis £ (a;; = (A¢;,&;)). The two operator representations (matrices)
are related as [19, p. 130]

lai;), = [P] [ass]e (P17, (4.24)

&

where the n Xn matrix [P] = [P],_,, is a nonsingular transition matrix from
the basis £ to the basis x. When two matrices are related as in (4.24), they
are said to be similar. Similar matrices have the same rank, determinant,
and eigenvalues, and related eigenvectors.

17"The space of bounded operators H{* — HZ* and the space C™MX" are isomorphic,
and so one can work with the operator, or a matrix representation of the operator, in

an equivalent manner.

18 Explicitly, the matrix [P]C—*.v is such that the two bases are related as ¢; =
T
=l

P,iyi,j=12,...,m, and similarly for [Q)].
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Spectral Representations (Matrix Form)

The primary reason for introducing the concept of similar matrices i b
facilitate an understanding of when and how one obtains a “simple”
trix representation of a given operator on a finite-dimension al space. Ty,
simplest possible matrix has a diagonal form, and the next theorem py,,
vides conditions leading to a diagonal matrix representation ol an operat,
A: H" — H" (alternately, one may say that the matrix representation (f
the operator in some basis 1s diagonalizabk} or Sirﬂply that a giVeIl Imatriy
is diagonalizable). A clear way to envision this problem is to recognize that
the set of all matrix representations of A with respect to difterent bases de.
fines an equivalence class of similar matrices. The problem 1is then to fin(
the simplest matrix in this class, which will undoubtedly most clearly shoy

the salient features of the “parent” operator.

Theorem 4.36. Let A : H* — H™ be a linear operator on a finite-
dimensional complex Hilbert space. If A has n distinct eigenvalues {/\n}_

then A has a diagonal matriz representation with respect to a basis of eigen-
vectors'® of A.

Actually, the last theorem provides a suflicient but unnecessary con-
dition. More generally, we do not actually require n distinct eigenvalues:
instead we require that the eigenvectors of A form a basis for the space

H".

Theorem 4.37. Let A : H* — H™ be a linear operator on a finite-
dimensional, complez Hilbert space. Then if A has n linearly independent
eigenvectors {x, } (i.e., an eigenbasis of H™ ), corresponding to the (not nec-
essarily distinct) eigenvalues {\,}, A has a diagonal matriz representation
with respect to its eigenbasis.

Such an operator is said to have simple structure (or, equivalently, to be
represented by a simple matrix). The elements on the main diagonal ot the
resulting matrix representation are exactly the eigenvalues of the operator.

The next theorem states precisely when an operator on a finite-dimen-
sional space will possess an eigenbasis.

Theorem 4.38. (Complez spectral theorem for finite-dimensional spaces)
Let A : H" — H"™ be a linear operator on a finite-dimensional, complex

Hilbert space. Then H™ has an orthonormal basis of eigenvectors {Xn} i
and only if A s normal.

Therefore, if A: H® — H™ is normal (or self-adjoint), it has a diagonal
matrix representation with respect the eigenbasis e = {x,, },

[A]E == dl&g [)\1,A2, R 1/\?’1] .

19A basis of a space consisting of eigenvectors of an operator is called an eigenbasis.




1.3 Expansions and Representations, Spectral Theorems 25 |

It also turns out that two self-adjoint, operators A and 3 can he simulta-
ncously diagonalized (by a single basis) if they commute, Lo, if [A,B] =
AB — BA = 0. The above theorem holds for H™ being a real space if
the condition that A be normal is replaced with the condition that A be
self-adjoint (symmetric). For a more complete discussion, see [20, p. 1 33

It is again useful to recall that all self-adjoint operators are normal,
but normal operators may not be self-adjoint. If A is self-adjoint, then
the resulting diagonal matrix representation has real entries on the main
diagonal.

[t can also be shown that if A : H* — H™ admits a diagonal matrix
representation, then any other nondiagonal matrix representation of the
same operator (that is, a matrix representation with respect to a basis §
that 1s not an eigenbasis) may be diagonalized by (4.24).

Example 4.6.

To demonstrate these concepts, consider the self-adjoint operator A : C? —
C? defined by

o a1 + &
A 1 1 2

—
e
L 4

9 ] — &9

==

and the two orthonormal bases (y;,y2) and (£1,€,), where

Y1 = 0 y Y2 = 1

1s the standard basis and

1 [1 I [ =i |
é-l:__ : &2:‘__

v2 L1 val 1]

Then the matrix representations with respect to the two bases are

1 1 C 4 =1 |
Aly=171 1| Me=| 1 1]

The transition matrix from the basis (£1,&,) to the basis (yi,y2) is found
to be

1 [ 1 -1
[P]ﬁﬂyzﬁ 1 1

- -

such that (4.24) is easily seen to be satisfied, i.e., [A]y =3 £y Al ¢ [P]g_iy

Neither basis yields a diagonal matrix representation. Because the oper-
ator 1s self-adjoint, and so necessarily normal, we can find an eigenbasis that
will yield a diagonal matrix representation. Alternatively, we can define a
similarity transformation from, say, the basis (y1,y2) to the eigenbasis that

will result in a diagonal matrix representation.
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T]](—} eigen\rﬂ,]ues n.]]d ei,gGI]VGCtOI‘S Of t]’](—? ODCI‘H.I]OI' /1 arc r()llnfl to }H’t

-

1
+v2 -1 |’

- —t

/\1!2 = i:\/i €12 =

which, when normalized to form an orthonormal eigenbasis, become

— J—
—

1 1 1 1
X1 = , X2 = .
o191 | V21 oV1+2-172 | —V2-1

Noting that the transition matrix from the eigenbasis e to the basis y ig

r 1 1 7
2\/1-2-1/2  24/1+42-1/2
[P]e—-a-y — \/ 2—1 —/2—1 — [P]}’_"E ’

I 2\/1 p—L,/2 2\/1_|_2—1/z l

then, using (4.24), we obtain

A], = [P][A], [P]”" = ,

e

the desired diagonal matrix representation of the operator A.

In summary, every finite-dimensional normal operator is similar to a
diagonal matrix operator. As such, every finite-dimensional normal op-
erator A : H™ — H™ can be represented as a multiplication operator,

(PAP_lx)i — \;z;. This fact also holds for normal operators on infinite-
dimensional spaces.

Jordan Canonical Form

It is seen that Theorem 4.38 characterizes explicitly when an operator on a
finite-dimensional, complex Hilbert space will have a diagonal matrix rep-
resentation. If an operator is not normal, a diagonal matrix representation
will not be possible. In this case it is of interest to investigate what other
fairly simple forms the matrix representation of such a linear operator may
assume, which brings up the concept of generalized eigenvectors and the
Jordan canonical form. For completeness this topic is included here, al-
though the treatment is very brief. This material does, however, relate
in an analogous way to the topic of generalized eigenvectors in infinite-
dimensional space problems.

Consider a linear operator on a finite-dimensional space A : H — H
with an eigenvalue A,. Recall that 0 # x,, € H is an eigenvector of A
corresponding to an eigenvalue A, if (A — A\, 1) x, = 0. To generalize this
concept, an element X, ,,—1 € H is called a generalized eigenvector (or root
vector) of rank m of the operator A corresponding to the eigenvalue A\, it

(A - )\ﬂ]) " Xn,m—1 = 0,
(— Anl) m Xn,m—1 7 0,
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where m is a positive integer.?? The rank m cannot be higher than the
algebraic multiplicity of the corresponding cigenvalue A,,. Note that every
(()]‘(ﬁllﬂ.l‘y) eigenvector of A is a generalized cigenvector of rank 1 (x-n,ﬂ =
X, ). We will call generalized cigenvectors having rank m > 1 associated
cigenvectors, in order to distinguish them from ordinary eigenvectors.?!
The system of generalized cigenvectors is called the root system of A and
is composed of the union of the ordinary and associated eigenvectors.

The next theorem highlights the importance of generalized eigenvectors.

Theorem 4.39. Consider the lincar operator A : H" — H™, where H™ is
a complex, finite-dimensional Hilbert space. Then the mazimal set of all

linearly independent generalized eigenvectors of A forms a basis (generalized
eigenbasis) of H™.

Therefore, in H™ this basis, also called the root basis, exists for any op-
erator A : H™ — H™. For infinite-dimensional space this is not necessarily
the case.

Furthermore, let us call a basis of H™ a Jordan basis for A if. with

respect to this basis, the matrix representation of A has a block-diagonal
form

M, 0
(4.25)

0 M,

where the matrices M; are lower-triangular, e.g.,

M; =

OO = D O

o O = N

— N O O
e,

Rt BD D D

— ’i' LS

The dimension of the matrix M; is equal to the algebraic multiplicity of
Ai, and, In the case of simple eigenvalues, the matrix representation of A
1s diagonal.

For any complex-valued matrix operator A : H* — H" there is a
basis of generalized eigenvectors that is a Jordan basis. Therefore, any
A: H™ — H™ with H™ complex admits a matrix representation of the form
(4.25), which is fairly simple. Matrix representations of A in some other
basis can be brought into the Jordan form by a similarity transformation,
representing a change of basis to the Jordan basis. Unfortunately, while the

20Note that we define an operator raised to a power as A"z = AAA--- Az, where
for this to make sense R4 C D4 (see Section 4.4). N

n times

217t can be shown that self-adjoint operators only possess generalized eigenvectors ol
rank 1, i.e., that they only possess ordinary eigenvectors (see p. 259). However, this
does not imply that the dimension of the eigenspace associated with an eigenvalue is
necessarily unity.
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Jordan basis is made up of generalized ecigenvectors, its actual constrictig,
is somewhat complicated and will not be discussed here (sec, for instane,

19, Ch. 6]).

Spectral Representations

In preparation for examining eigenfunction expansions 11 the next section
we consider the spectral representation of an operator acting on a finite.
dimensional space. Assume A : H™ — H™ admits a diagonal representatioy

[A], with respect to an eigenbasis e = {x1,X2,...,Xn }, and write

[A]e — i/\% rﬁi ;
=l

where [E] is the matrix for which all entries are zero except the ith element

on the main diagonal (Y:?_l[ﬁ] — Ixn). Then, the representation of A in
an arbitrary basis x 1S

r

Al = |P] (Z Ai }'5% P17 => [P,

where [P;] = [P][P;][P]”", with [P] = [P],_,, being the nonsingular tran-
sition matrix from the basis e to the basis x. In operator form we have

A=Y &A, (4.26)
1=1

Note the simple geometric meaning presented by the representation

(4.26): The space H™ decomposes into n orthogonal subspaces H,, Hs,...,
H,,, each H; being associated®® with the ith eigenvector x;. For any x €

H™,

Pix = ouXg € H,.

Therefore, the P, : H® — H; are seen to be projection operators from
the space H" to the subspace H; (note that®® > = P, = I,xp). This
representation for A is called a weighted sum of projections and is depicted
in Figures 4.4 and 4.95.

The above decomposition for normal or self-adjoint operators on a finite-
dimensional space H™ can be extended to normal and self-adjoint operators
on infinite-dimensional spaces, most transparently using Riemann—Stieltjes
integrals. The procedure is, nevertheless, quite complicated and so will be
omitted here, although if we add the condition that A is compact we are
back to a simple situation, as shown in the next section.

22The null space for each A; may not be one-dimensional, but the space spanned by
x;, i.e., H;, is one-dimensional. Therefore, more than one H; may be associated with a
single eigenvalue.

ZJE:‘;l P; = Inxn is called a resolution of the identity.
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H A H

Figure 4.4: Depiction of the mapping A : H — H.

x. PIP ' H
~_ I

Figure 4.5: Decomposition of a simple operator A : H — H as A =

> i1 AiPi, where H is finite-dimensional. The space H is decomposed
into n orthogonal subspaces, H = Hi ® Hy @ --- & H, (n = 5 in this
figure), where H; = Ng_x,1 and Pix = (X,X,)x; € H;.

Example 4.7.

As an illustration of a spectral representation, consider the operator in the
example on p. 251, where

Al = S M [P = V3[R - VB[R
and -
pI=1P7 | 5 g [P
pl=1P7 | o ] |17

This form is particularly useful for constructing functions of operators and
matrices, as shown in Section 4.4.

A form related to (4.26) is easily developed in the finite-dimensional
case and also extends to the infinite-dimensional case for compact normal
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operators. Assume that A : H" — H™ is a simple operator, 1.e.,; that
possesses an eigenbasis. Then, any x € H™ can be written as

T

X = Z (X,Xi> X s

=1

where X; is the eigenvector corresponding to the eigenvalue Ai, l.e., Ax; =

. n ;
Aix;. With Ax = S0 (x, %) AX; = ), Ai (X, X;) X, one may write the
operator A as

™

A = Z Ai <', Xi> X . (427)

=1

If we identify P, : H® — H; as the (projection) operator that takes x ¢
H™ into the subspace spanned by x;, i.e., Pix = (X, x;) X;, then the spectra
representations (4.26) and (4.27) are seen to be equivalent. However, (4.26)
is usually preferred for theoretical constructions. The identity operator is
given by

n

Inxn = Z <':~ X—i) X1

=1

where it is sometimes convenient to write

T
Lnyn = E X;X;
=1

such. that Ligax =% =7 . X% %

Finally, it is important to make a connection between the eigenvalues
and eigenvectors of a linear operator on a finite-dimensional complex space
A : H™ — H"™. and the eigenvalues and eigenvectors of 1ts matrix repre-
sentation [a;;], with respect to some basis y. It can be shown (19, pp.

152-153| that

e the spectrum of an operator and the spectrum of 1ts matrix represen-
tation coincide, and

e an element x € H" is an eigenvector of A if and only if the repre-
sentation of x with respect to a basis of H™ is an eigenvector of the
matrix representation of A with respect to the same basis.

However, for operators acting on infinite-dimensional spaces projected
onto a finite-dimensional subspace, eigenvalues of the actual operator may
or may not be well approximated by eigenvalues of the resulting matrix,
depending on the chosen finite subspace. For example, an operator on an
infinite-dimensional space may have no eigenvalues, yet an n x n matrix,

which in some approximate way is supposed to represent the operator.
always has n eigenvalues.




. _
1.3 xpansions and Representafio .
] I)l(,ht.nl,f\ii.lmm, Spoctral Theorems 257

Spectral Expansions

We have already seen that the spectrum of an operator acting on an infinite-
dimensional space H may be much more complicated than that of an oper-
ator acting on a finite-dimensional space. For the finite-dimensional case,
one usually is interested in a simple matrix representation of a given oper-
ator. To determine the simplest matrix representation possible one needs
to know the eigenvalues and eigenvectors of the operator. Although for
(he infinite-dimensional case one may investigate matrix representations,
+ is more often desirable to consider the possibility of representing an ele-
ment of H in terms of eigenvectors of A. The following theorems provide
sufficient conditions for when such representations are possible.

Since operators that are merely compact, or merely self-adjoint, need
not possess any eigenvalues, in the general case one needs to concentrate
on compact self-adjoint operators to obtain sufficiently strong results. In
the case of typical boundary value problems, self-adjointness alone is often
sufficient to get similarly strong results because the inverse operator 1s often
compact and self-adjoint.

The first theorem concerns the representation of an element z € H
in terms of the eigenvectors corresponding to nonzero eigenvalues of an

operator A : H — H |21, pp. 188-191].

Theorem 4.40. (Hilbert-Schmidt theorem) Let A : H — H be a com-
pact, self-adjoint linear operator acting on an infinite-dimensional Hilbert
space H. Then there exists an orthonormal system of eigenvectors {Un }
corresponding to monzero eigenvalues {An} such that every T € H can be
uniquely represented as

00
r = To T Z (xaun> U,

n=1

where xo satisfies Axg = 0. Furthermore, if A\n} is an infinite >er
distinct eigenvalues, then lim, o An = 0.

Note that the expansion coefficients are the generalized Fourier
cients o, = (x,u,). If we denote by S the space spanned by {un
then a closed linear subspace of H), by Theorem 2.9 (projection) we
that the described representation is simply a decomposition of T 1utu «
element > >° | ayun, € S and an element g € Ui

Although the set {u,} does not form a basis for H unless ¥, {1 3

it is clear that it does form a basis for the range of 4
T € H,

Az = An (T, Un) Un.

24Note that {un} will also be a basis for H if R, is dense in k.
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Such a set {u,,} is called a basic system of cigenvectors.
Next we consider the complete set of eigenvectors (including those o
responding to ecigenvalues A, = 0), which are found to form a basis for

H.

Theorem 4.41. (Spectral theorem for compact self-adjoint operalors) [
A: H — H be a compact, self-adjoint (or more generally, normal) linegy
operator acting on an infinite-dimensional Hilbert space H. “Then there
exists an orthonormal basis for H of eigenvectors {x,, } with correspondin,

ergenvalues {\,}. For everyx € H,

- Z (e, @, ) 0,

(o

and

Az = Z Xy, O, B B .

To gain insight into the above, let {v,,} be a basis for the Hilbert space
N\ 4 consisting of eigenvectors associated with eigenvalues A,, = 0, and note
that {z,} = {u,} U {v,} is an orthonormal basis for H. "Then zy =
S (x.vn) vy where Azg =0 [43, p. 101]. From Theorem 3.17, Na_x, 1 Is
finite-dimensional for \,, # 0, although N4 will be infinite-dimensional. It
can then be observed that the space H is decomposed as H = N4 PNao_» 1.

T
Although Theorem 4.41 is fundamentally important, it is often conve-
nient to use the notation of Theorem 4.40 and explicitly separate out the
term . such that

T =g+ Z (5, Ty} Tl
e (4.28)

A = i An (T, Up) Un,

=1

where Azg = 0. In this form we are concerned only with the basic system
of eigenvectors u,, corresponding to nonzero eigenvalues. As usual, all
equalities are understood in the norm sense.

It 1s worthwhile to note that the converse of the spectral theorem is also
true (23, p. 117].

Theorem 4.42. Let{x,} be an orthonormal set in H and {\,} a sequence
of real numbers that is either finite or that converges to zero. The linear
operator defined by Az = "\, (x,x,)x, is compact and self-adjoint.

Because compact operators A : H — H, where H is infinite-dimen-
sional, are necessarily bounded, they can always be represented by an
infinite matrix. From the properties of compact operators, and those of
self-adjoint operators, we see that the matrix representation of a compact,
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self-adjoint operator A : 1 — 1y with respect to the cigenbasis {z,} is a
dingonal matrix with real-valioed cigenvalies on the main diagonal, tending
(owards zero as n. — 0o. F‘nrt,]mrmr)r(:} it can be shown that two commuting
compact, self-adjoint operatoryg AB:H - H pOssess a common eigenbasis
(H{"‘(‘-‘ Theorem 312)

Finally, if an operator A : [J — 7 is compact but not self-adjoint, we
have the following expansion theorem

Theorem 4.43. Let A: H — H be g compact operator. Then, there ezist
orthonormal sets {xy} and {y,} and nonnegative real numbers {s, } with

s.. — 0 such that
A == Z 8p. (0, o) Ui

vn
T

It turns out that {z,} are eigenvectors or A*A, {yn} are eigenvectors
of AA*, and {si} are eigenvalues of A*A (and also of AA*). The s,, are
called singular values of the operator A, and the series Az is known as a
singular-value decomposition of A. The foundation of this representation
is that while A is compact and not necessarily normal, A*A and AA* are

compact and selt-adjoint by Theorem 3.8 and the discussion in Section
3.6.1.

Jordan Chain

Unfortunately, while for operators acting on finite-dimensional spaces one
can always obtain a basis of generalized eigenvectors (Jordan basis) by The-
orem 4.39, the same is not true for the infinite-dimensional case. However,
if generalized eigenvectors exist, then they are defined as in the finite-
dimensional case, i.e., an element 0 # z,,,_1 € H is a generalized eigen-

vector (root vector) of rank m of the operator A: H — H corresponding
to an eigenvalue )\, if

(A — /\HI) " Tnm-1 =0,

o (4.29)
(A — )\RI) Ln,m-—1 7& 0,

where m is a positive integer. Every (ordinary) eigenvector of A is a gener-
alized eigenvector of rank 1 (z, ¢ = z,), and we again call the generalized
eigenvectors having rank m > 1 associated eigenvectors to distinguish them
from ordinary eigenvectors. The root system of A is defined as the union
of the ordinary and associated eigenvectors. This system may or may not
form a basis for H, depending on the operator®’.

In practice, to determine the associated eigenvectors, one starts with
an eigenvector x,, satisfying (A — A1)z, = 0. If the equation

(A — /\'nI) LTnl=— Tn

25 An example of a differential operator that leads to a root basis is provided in Section
0.3.2.
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has a solution r, 1, then x, 1 is a generalized eigenvector of rank 2; my,
specifically, an associated eigenvector associated with the eigenvalue )
and cigenvector a,,. Continuing, if

r

(A _ )\HI) Ln,2 = Tn. |

is solvable, then z,, 5 is another associated eigenvector (rank 3), associate(
with the eigenvalue ), and eigenvector z,. In general, we consider

(A — )\n[) LIn,k — Tn,k—1

such that the chain {zpn,Zn 1,Zn 2, .. Tn,;j} consisting of the ordinary an(
associated eigenvectors is called a Jordan chain of length 7 + 1.
It is worthwhile to note that if generalized eigenvectors of a selt-adjoint

operator exist, then they have rank 1 (i.e., no associated eigenvectors ex-
ist).?°

4.3.3 Spectral Expansions Associated with Boundary
Value Problems

Theorems in the previous section detailed sufficient conditions for eigen-
functions of an operator to form a basis in H. Fortunately, many operators
that do not satisfy the previous theorems also lead to an eigenbasis. Im-
portant examples are unbounded operators corresponding to self-adjoint
boundary value problems. We make the following observation.

The eigenfunctions of a self-adjoint boundary value problem
on a Hilbert space H form an orthonormal basis of H.

The term “boundary value problem” in common usage typically means
a differential operator together with some specified boundary conditions.
Since the boundary conditions define (in part) the domain of the operator,
they are part of the definition of the operator, such that by “self-adjoint
boundary value problem” we actually refer to a self-adjoint differential op-
erator, which we will denote by L. The above classification of self-adjoint
boundary value problems relies on the fact that such operators have a com-
pact self-adjoint inverse (integral) operator L~' on H, the Green’s operator,
with an associated orthonormal eigenbasis by Theorem 4.41. By Theorem
4.11 the eigenfunctions of the inverse operator L~! are also eigenfunctions

of L (zero eigenvalues are not an issue), and therefore L possesses an eigen-
basis for H.

*6Assume A : H — H is self-adjoint, with z an associated eigenvector of rank 2 cor-
responding to eigenvalue X\. Then, (0 = <$# (A — )J)2 g;> = (A=) z, (A — \) z) =

|(A — Al) ff’HZ: which implies, from Definition 2.31, that (A — AI) 2z = 0 which is a con-

tradiction, anc! S0 no generalized eigenvectors of rank 2 exist. Therefore, no generalized
eigenvectors of rank higher than 1 exist.
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The above (‘,.nn('.lnsi(m holds for problems on a bounded region of space,
“ - 1‘.”. I §2 18 llll])()llll(]{“.{l tLhoe INverse will not.. 1n g;t‘.t\ftl":’—l.l. e (tflll’l[)?l.rif..
and Theorem 4.41 1s not applicable. [However, if l',.Im differential operator is
clf-adjoint and certain fitness conditions are satisfied at infinity, then the
pigm*tﬁm(tt.ions (proper and improper) form an eigenbasis (possibly discrete
and continuous) for 1. This is discussed in more detail in later sections
(sce, €.8., Sections 5.2 and 8.1).

In particular, we have the following (4, pp. 396-397|.

Theorem 4.44. The pth-order differential operator L: L2 (a,b) — L2 (a,b)

defined by
a4 d
-L=apy T T arg + do,
d’x 5 |
pp={wmsr €L (ab) forj=1,2,....,p, Ba(@) = Bp(2) =0y

where a,b are finite, p is even, a, € CF (a,b) are real-valued coefficients
with ap, # 0, and where By, are given as

B.(z) = anz(a) + agz’(a) + - - apa:(p'l)(a) = 1)
By(z) = Bra(b) + oz’ (b) + -+ + BpzP 7V (b) = 0,

with o = (a1,...,ap) and B = (b1, .- Bp) independent vectors in RP,
is self-adjoint (and so forms a self-adjoint boundary value problem) on

H=LZ (a,b).
Therefore, the eigenvalue problem
Dty = Anlln

with L defined as in Theorem 4.44 leads to an orthonormal eigenbasis
of H and to the expansion z = Y, (z, Tn) Ty for any T (t) e H =L |
In the above, H is a weighted L2 space, where the weight w (possibly
depends on the coefficients and is chosen so that the operator is self-ad o

The inner product for the space 1s

(f, g) = / F(€)g(E)w (€) dt

Second-order operators of this type are extensively stu
where self-adjointness is shown and a sketch of the comp

presented.
For scalar partial differential operators we have the toliow
4, pp. 542-543] (see Example 8 in Section 3.4.2).
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Theorem 4.45. The ncgative Laplacian operator L : | (€2) — LQ(Q'
defined by |

(L) (t) = —VZx(t),
D; = {T . 2(t), —ng(t) e L*? (), z(t)|r = 0} .,

where T is the sufficiently smooth boundary of the region {1 C R?, forms,
self-adjoint boundary value problem on L (Q).

As such. the orthonormal eigenbasis defined by
—V?%p = AnZn,

leads to the expansion z = Y. (z, Tn) T, for any z (t) € H = L? (). Thi
topic is discussed further in Section 6.3 for electrostatic problems, where
self-adjointness is shown and the completeness proof outlined. Additionally
these eigenfunctions are important in separation-of-variables solutions for

many partial differential equations, as shown in Section 5.4.
Furthermore, for the vector differential operator V X VX we have a

similar theorem (see Example 9, Section 3.4.2).

Theorem 4.46. The vector differential operator L : L7 (Q)3 — L2 (Q)°
defined by

(Lx)(t) =V x V x x(t),
Dy = {x x(t),V x V x x(t) € L2(Q)*, n x x(t)|r = 0},

where T is the sufficiently smooth boundary of the region Q C R?, forms a
self-adjoint boundary value problem on L2 ()°.

Therefore, the orthonormal eigenbasis defined by
V X ¥ xx, = ApX,

with appropriate vector boundary condltlons leads to the expansion x =
S (X, X,) Xp for any x(t) € H = L? (Q) The same result holds for the

vector eigenvalue problem
V%%, = AyXn,.

The situation is quite different if {2 is an unbounded region of space.
Because we deal with vector eigenfunctions, boundary conditions gener-
ally need to be specified for both tangential and normal field components to
uniquely identity the desired eigenfunctions. For example, vector Dirichlet
conditions are X,|r = 0, although the boundary conditions n x x,|r =0
and V - x,|r = 0 are generally more useful in electromagnetics applications
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(800 Chapters 9 and 10). Boundary conclitions do not need to he imposgec
on all three scalar components of X, il the cigenfunction is required to gat-
iﬁfy homogencous Maxwell’s cquations. In such cases it is rmljy' Nnecessary
o impose tangential conditions.

A & . N . X - e " . ;e ) |

The above theorems concerning sclf-adjoint, differential operators are
extremely 1mportant because they justify many eigenfunction expansion
111("(.]10(‘18 used 1n (-‘!lGCtl‘OlllH,gl'l_Q1]i(‘, H.I)]J]i(‘,}_’[, L10NS.

4.3.4 Spectral Expansions Associated with Integral
Operators

We now consider some spectral expansions arising from integral operators
involving the free-space scalar Green’s function. For all of the resulting
eigenfunctions, completeness in certain spaces is well known and can be
established using nonspectral techniques. Therefore, as with the boundary
value problems just considered, identification of the (integral) operator
as being compact and self-adjoint is not required, although some of the
operators fall into this category. Many of the same expansions are obtained
from a differential operator (Sturm-Liouville) approach in Section 5.5.

Chebyshev Polynomials of the First Kind

. > A
Consider the weighted Hilbert space L2 (—a, a) with weight w = (a2 — z?) 2
and inner product

“ dx

(f9) = N@)g(e) s

The compact, self-adjoint integral operator A : L:(—a,a) — L?(—a,a)
defined by?’
In (| — 2'|)

\/az — pl2

arises, for example, in the study of static and quasi-static electromagnetic
diffraction by a strip or by a slot in a perfectly conducting infinite screen.
For two-dimensional dynamic problems these types of logarithmic kernels
represent the source-point singularity associated with the two-dimensional
principal Green’s function (Hankel function). The eigenvalue problem

dz’

ap@=[ 1@

Af = \f

leads to first-kind Chebyshev polynomials T,,(x/a) as eigenfunctions, with
corresponding eigenvalues Ao = —mIn(2/a) for n =0, and A\, = —7/n for

“TIn (|z — £]) is the natural restriction of the two-dimensional, static free-space Green's
function In (|r — &’|) to a planar surface.
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n# 0 (note Ny = {0} if a # 2), i.e.,

/‘“ In [r — 2/ T.(2' fa) da’ = { —mn(2/a)Ty(z/a), n=U, (4.30)

oV =" —IT,(x/a), m >0

The eigenfunctions are normalized as

c c a 1
— T? -Tm = — T:n a Tm X/ A dr = 5nma 4.31
(T T) = 2 [ T/ Ton(a/0) Sy (13

where g = 1 and ¢, = 2 for n # 0, and the set of Chebyshev polynomials
{\/En/:rrTﬂ (:L/a)}j n=20,1,2,..., forms a basis in LZ,(—a,a). Therefore,

any function f(z) € L2 (—a,a) can be expanded as

1 &
= n :Tn Tn
f w;f (f,T)

and
OO

Af = - Y endn (£, Tn) Tne
F=t)

For example, in L2 (—a,a) the equation

O

can be solved by writing f = (1/7) Y., _q€n (/5 T,)Tn, leading to

] s
=~ N — A, ) T 4.32)
Convergence in the form limy_ oo ||g — gn|| = 0, where
N
gn = (1/m) Y _(en/An) (f,Tn) Tn,
n=0

depends on the condition Y (1/A2)|(f, T.)|° < oo by the Riesz—Fischer
theorem (Theorem 2.11). Since A, — 0 as n — oo, which is a general
property of compact operators, convergence problems may occur depending
on the properties of f. This type of problem is typical of first-kind operator
equations involving compact operators.

Chebyshev Polynomials of the Second Kind

b | =

Consider the weighted Hilbert space L,ﬁ, (—a, a) with weight w = (a2 = 5152)

and inner product

vl

(f: g> = f(fb")g(ﬂl) \/"l2 — x4 dx.

—
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As with the previous case, the operator A ¢ 12

m(_"”‘*”’) = L:f),;(—ffv,ﬂaj defined
by

()’,2 a
- o — il N ] 2 2 At
(Af) () = 7 ./-”, f(x)In(|xz — x'|) Va2 — x'% dx
arises in the study of strip and slot diffraction. The eigenvalue problem

Af=Af

leads to second-kind Chebyshev polynomials U,(xz/a) as eigenfunctions,
with corresponding eigenvalues A\, = 7w (n + 1), i.e.,

d> [
2
dt” [y

Un(z'/a)In |z — 2’| /a2 — 22 dx’ = 7 (n+ 1) Un(z/a).

The eigenfunctions are normalized as

2 2 -
——§<U%1U%J:=

2
ma mTa R

U, (z/a)Unm(z/a)Va? — 2% dz = dnm,

and the set of Chebyshev polynomials {\/2/(ﬂa2)Un(3:/a)},, n=20,1,2,...,

forms a basis in L2 (—a,a). Therefore, any function f(z) € L2 (—a,a) can

be expanded as
2 QO
,f::'_§j£:hﬁlkjok

ma
=0

and

Af = ;@Zxﬂ LF, U s

n=0

Laguerre Polynomials

The weighted Hilbert space Lz, (0, 0o) with weight e™" /y/x and inner prod-
uct

(£ g = [G B f@)g(o)Jze " do

along with the integral operator A : L2 (0,00) — L2 (0,00) denne i oy

/

Af @)= [ 1Koz =) o

is encountered in the study of E-polarized wave diffraction b
24]. The kernel

VT

2

Ko (z) = ——H? (—iz) =

HY K
9 0 ( )
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is the modified Bessel function [25]. sometimes called the MacDonald [,
fion. In this case we have the generalized eigenvalue problern

Af = Xde 7 f.

3 5. -1/ ; : . — Sa
which leads to L'/ %(2r) as eigenfunctions with A, = (7/V2)7F ax th.
corresponding eigenvalues. i.e..

E_I

x Yl =
L' 2 (2"Y Ko (lz — x']) dr' = — ’r'Eﬁ‘IL:JZ (2z) .
[ " | V! V2"

The functions LY are associated Laguerre polynomials (v > —1. and i
r=0. LY = L,, are called Laguerre polynomials). and

~E_T(n+1/2)/T(n+1).

M

where [ is the gamma-function. The eigenfunctions are normalized as

G et L;12) = - fx L2 (z) L' (z) € dr=14
~F \"'n =1y — . - . = RS
__':E- | i ’ "-‘ir‘_lE 0 & e ‘\/E
and the set {\,-"1 f“‘;.s,—fL;lﬂ (I)}. n=0.1.2..... forms a basis in L2 (0. x

Therefore. any function f(r) € L7 (0.oc) can be expanded as

1
- T

In a similar manner. the operator A : L2,(0. ) — L;.(0. ) defined b3

| dlz > Iz / —z’ /
(Af ) (1) = (dﬁ 1)/@ f(£') Ko (|lx —x'|) Vr'e  dr

arises in the studyv of H-polarized wave diffraction by a half-space 2 !
where the weight is /re™* with the inner product
& @
1.9= [ f@)ge)Vzeds.

0
The generalized eigenvalue problem

Af=Xe "
leads to L,/ *(2x ) as eigenfunctions with A, = —-:rr\/i_"}f as the correspond-

ing eigenvalues. l.e..

dg - / | ! -
(d_r2 1)./ L,/*(22') Ko (lz - 2'|) Ve'e ™ dr’ = —mv/2y e " L}/? (21
0
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g N ’{ P ) \ . " ¥ &
where 3y, (1 4+ 1/ ) /] (1 ). The cigenfunctions are normalized as
1 1/2 71/2 L[
O —_— 4. \
<} R > 0 / ,‘”’u/ () ?I”/Z ) Vze dr = §pup
.}n Tn Jo

1/3
and the set {\/1/’7 2 L )}., n=20,1,2,..., forms a basis in L% (0, 0 ).

1)
Therefore, any tfunction f (v) € L,ﬁ,((), oo) can be expanded as

1 QO
f=— Z <f, L1/2> L2

O 7]

Expansions involving Chebyshev and Laguerre polynomials are further con-
sidered in Section 9.9

Circular Exponential Functions

Consider the Hilbert space L*(0, 27) with inner product

27

> 9) = f(d)g(o)d

0

The integral operator A : L*(0,27) — L2(0, 27) defined by28

o 6 — ¢
4f) )= [ £ HE (%asm : )dcb: (4,33

0

where H[()l’z) is the zeroeth-order Hankel function (see Section 5.4.1), arises
in the study of scattering by circular cross-section cylinders. The eigenvalue

problem

Af = \f

leads to complex exponentials €? as eigenfunctions, n = 0,+1, +2. ...,
with corresponding eigenvalues A, = 27J,, (ka) H{"? (ka), i.e.,

27 e |
/ eind’' g1 (zm sin L 3 ? [) d¢’ = 2nJ, (ka) HY? (ka) e,
0

The eigenfunctions are normalized as

T <e‘£n¢ 3m¢> / 6z'nqbe—%mgbd¢ — 5”?”1

27 o

“eH fads (2ka sin(|¢ — €| /2)) is the natural restriction of the two-dimensional, dynamic

Green’s function I-I(1 2) (k |r — £|) to the surface of a circular cylinder having radius a.
We assume k € R.



268 4. Spectral Theory of Linear Op(zmtnm

P 8y in

and form the well known basis { 1/V2m)e™?l, n = 0,%1,+£2,
L*(0,27). Any function f(¢) € L?(0,27) can be oxpandcd as

1 00
. § : e\ ing
f_2ﬂ_ﬂ=_m<f’e >6
and
. _1__ - e\ ing
A= nzz_m)‘ﬂ<f=€ ) €

Spherical Harmonics

Consider the Hilbert space L%(T'), where I' is a spherical surface having
radius a, with inner product

T 27
(f,9) 2/0 : £(0,9)9(0, p)a’*sin 6 db do.

The integral operator A : L*(I") — Lg(r) defined by

27 —zkr r’
(Af) (0,0) = / f | (9’,gb’)a2 sin 8" d6’ d¢’ (4.34)

47 |r — 1’|

for r|. arises in the study of scattering by spheres, where we assume k € R.
The eigenvalue problem

Af = \f

leads to spherical harmonics Y,, (8, ¢) (see Section 5.4.2 for more details on
spherical harmonics) as eigenfunctions,?® with corresponding eigenvalues

““From the expansion (5.172) we have

—1k|r rl
f / Am|r — 1| Yp,q(8',¢")a? sin 6’ d6’ d¢’

/ / —1k) ZJ“ (ka) h(2) (ka) Z Yn.m (6, 0) Yn m (9’, o )

n=0 m=—n

Yy (6, ¢ )a* sin 0’ d0’ d¢’

:(_?;zm?)zjn ka) he?) (ka) Z Yn.m (6 ¢>)/ / - 9" "
n=0 m=—n
- Yp,q(6',0") sin 08'd0’ d¢’
= (—ika®) Y in (ka) h (ka) " Yam (8,) dnpimg
n=0 m=—n

= (~ika?) jp (ka) hi? (ka) Yp.q (6, 9),

where the orthonormality relation (5.164) has been used.
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\n = —ikjn (ka) A )(ka) Le..

27 -—?kll‘ r’/
4 /(; Arr r — r Yom(0', ¢ ) sin 0’ d’ do’

= (——-?k‘) g (k‘(]) hg?) (k?flv) Yn,m (01 (b) )

-2 Y by S oy — . .
where e G —2,-1,0,1,2, . .} and n > m. The eigenfunctions are
normalized as

27 (0
();‘l.’ﬂ? . Y;?-',m’> - /0 / Yﬂ,m (95 (b) ?n*’,m’ (91 Q’)) CL2 sin 0 df d(p
0

s il

(4.35)

forming the well known basis {Y (0,0)} in LZ(F).

Any function f (6, ¢) square- integrable on a sphere of radius a can be
expanded as

f0,6)=>" i (f, Y m) Yom (0, 0)

n=0 m=—n,

and

AF =" " M lfy Yaum) Yom (6,0) .

n=0m=—n

4.3.5 Generalized Eigenvectors and the Root System

Considering operators on infinite-dimensional Hilbert spaces, Theorem 4.41
provides sufficient conditions under which operators admit simple eigen-
function representations (i.e., the existence of an eigenbasis is assured). In
Sections 4.3.3 and 4.3.4, differential and integral operators are considered
that also lead to an eigenbasis, even though they do not necessarily satisty
the conditions of Theorem 4.41.

If the eigenfunctions do not form a basis for the space in question,
it may happen that the set of generalized eigenfunctions (i.e., the root
system) forms a basis in H. Further, if the root system is a basis, then
one can find a set orthogonal to the root system which is also a basis, and
a generalized expansion in terms of the resulting bi-orthogonal set will be
valid. This is a rather difficult subject (see, e.g., [26] and |27|), and here
we mention only a few results, with particular attention to the compact

operator A : L?(I") — L*(T") defined by

6—ik‘r—r"
(Af) (r) = / —f(r') dI, (4.36)

pdm|r —r'|

where T is a smooth closed surface in R® and k& > 0. This topic is also
treated briefly for the case of a second-order differential operator in Section

0.3.2.
The following theorem is proved in [26] (see also [28]).
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Theorem 4.47. Let Q : H — H be a nonnegative compact operalor, g
let D: H — H be a dissipative nuclear®® operator. Then the system of ry,
vectors of the operator B = Q + D 1s complete in H .

In particular, this theorem applies to the operator acljoint to (f’l-.fiﬁj,
where

@0 = [ e

F47T|I‘—I"'|'

6—}—?11@11:'—1:‘"] B
(Df) (r) = fp ( P 1) f(x") dr,

so that the root vectors of the operator adjoint to (4.36) form a basis i
L? (I).

Furthermore, when a compact operator A : H — H 1s normal, the root
system coincides with the system of ordinary eigenfunctions 28] (see also
29]), that is, all generalized eigenfunctions are of rank 1 (this result is
obviously in harmony with Theorem 4.41). While the operator in (4.36)
is clearly not self-adjoint (unless k& = 0 or ik € R), it is normal under
certain circumstances. Indeed, because for A to be normal we must have

AA* — A*A = 0, this condition applied to (4.36) yields

(AA™f) (r )‘(A*Af)( )
—zk r—r | =[x —r’|) _e—{-ik(\r—r”l—ﬂfr”—rfo)

" dT' dr”
// (47)% v — r”/||x"—1] /e
// _sink \r—r”\ D) ¢y ar ar” = 0.

2% (47)° |r — ¢’ ||r"" —1]

Therefore, we obtain

o e e
/ Slﬂk(lgr x| — r—r)) f(xr')dl¥ =0 (4.37)
9% (471_) II._I.HHI.H_IJI

for r,r" € T, which is a condition on the surface I'. This condition 18
satisfied if T is a spherical surface, but not, for instance, if I is an ellipsoid.

We also have the following theorem [30], which establishes conditions
under which all generalized eigenfunctions of a compact operator A corre-
sponding to an eigenvalue A have rank 1.

Theorem 4.48. The eigenspace and the root space of a compact operator
A, corresponding to an eigenvalue A, coincide if and only if

a. A 1s a simple pole of the resolvent (A — A\I )_1, or

30An operator D is called nuclear if an < 0o, where s, are the eigenvalues of
(D*D)'/*.
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2 ; :
b. (A=X)" [ =0 implics (A= XI) [ =0, or
c. the operator (A — NI ) does not have zeros in the subspace 1ta4— ;.

It should be noted that it is also possible to show that eigenfunctions
of an operator form an eigenbasis usin g other methods. For instance, 1t 18
shown in [31, p. 774] that sufficient conditions for an operator to possess
a complete set of eigenfunctions in an L? space are that the operator is
positive definite, and hence self-adjoint, and that the eigenvalue equation
Lu = Au corresponds to a variational principle. Determining complete-
ness of the eigenfunctions for nonself-adjoint operators is, In general, much
more difficult, although some further results can be stated for dissipative
operators {26, Ch. 6]. For our purposes we will call an operator simple if
it possesses an orthonormal eigenbasis of ordinary eigenfunctions.

4.3.6 Spectral Representations

For a compact, self-adjoint operator A : H — H, or, in general, whenever
the ordinary eigenfunctions of A : H — H form an orthonormal basis
for H, one may develop a spectral expansion of the operator in terms of

eigenfunctions. From Theorem 4.41 with z = Y (z,z,) zn, we identify
the form analogous to (4.27),

A — Z An () Tn) T (4.38)
n=1

Note that I =Y. . (-,z,) T, and that on a function space where z = z (1)
one may write, in a distributional sense,3!

§(t—t) =) zn(t)Tn(t). (4.39)

31

= Zmn (t) /ﬁ:’n (t’) & (t’) it = Zmﬂ, (T, Tn)
n=1 n=—1
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It P, : H— H, is the projection operator that takes = ¢ nt

w 8 . 1 I(

the one-dimensional subspace spanned by the nth eigenfunction Ty (i (,J
P,v = (v,2,)x,, and P,Py = 0pm), then the spectral representatio H

seen to have the same weighted sum of projections form as (4.26)

)

A — Z Aﬂpn (44(”
n=1

with
o0 O OO0
==y Pz, JAzm=3 WPz [I=) B
=1 n=1 n—=1

It we let the indices n; be those values of n that correspond to the eigenfunc.
tions v, = v, (corresponding to eigenvalues \,,, = 0), then sz:l Pz =

Pox = xg, and we have

L — P().’II -+ Z Pn:IJ,
n—=1
NF#EN

in agreement with (4.28).
It can further be shown that if A is bounded, or unbounded but densely
defined,??

A* =) AP,
=1
or, equivalently,
A = ZX,@ s T} Tgp-
n=1

T'his representation for the adjoint assumes A possesses an orthonormal
basis of eigenvectors (e.g., the formula is useful for compact normal opera-
tors) and does not hold for arbitrary operators. Functions of operators in
terms of projections, including inversion formulas, are discussed in Section
4.4,

lo summarize, compact, self-adjoint operators A : H — H possess an
orthonormal eigenbasis for H. The same can be said for compact normal
operators, self-adjoint boundary value problems, as well as some noncom-

pact integral operators. Moreover, the stated conditions are sufficient but
not necessary.

32To see this, let z = Zn (Z,zn)xzn and y = Zn (Y, Zn) Tn, such that (x,y) =
Zﬂ (z,Zn) (Y, Zn). With <A$=y> = - An (T, Tp ) (y,mn), we look for z € H such
that (Az,y) - (z,2). If such a z = zn (z,Zn) xyn exists, then (2, Zn) = An{¥)Tnls
or (z,Tn) =_)\n (4, Zn). Therefore, if z = A*y, then A*y = Zn An (Y, Tn) Tn, i€
A* =3 """ AnPn.

T =—
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4.4 Functions of Operators

It is often necessary to consider functions of operators, such as determining
(the exponential of an operator A. In this section we consider functions of

an operator via three methods: spectral representations, series expansions,
and the Dunford integral representation.

4.4.1 Functions of Operators via Spectral
Representations

We assume that the operator A : H — H is bounded and simple,?® with
H generally infinite-dimensional. Therefore, for every z € H we have z =
o (T Tn) Tny AT =37 Ay (g, Tn) Ty, and Iz = (z,z,) z,.>* In what
follows we also use the form (4.40), such that z = > Pnx, A=), AnPFn,
and [ =) P

Beginning with operators raised to an integer power, we have A%z =
AAz =3, A2 (z,Z,) Tn, and one can see that, generally,

AP = Z A &y WS Doy (4.41)

M 4m

tor any power m < oo. Therefore, for any polynomial p (t) =Y. _,am

(we assume z = z(t) € H),

p(A)z=3"p(A) (@ zn) 2 (4.42)

or

P (A) — Zp (/\n) P,

Generalizing®® to bounded continuous functions f(t), we define the
operator-valued function f(A) by

fld)d= Z f LAn) (880 ) n (4.43)

or

fA) = f(An)Pa. (4.44)

33If the operator is not simple, its set of eigenfunctions will not necessarily be orthog-
onal or complete in H. In light of Theorem 4.7, it can be seen that in this case an
expansion of the form =z = Z (z,yn) Tn, may be useful, where y, are eigenfunctions ot
the adjoint operator.

34 As usual, when index limits are not specified, we assume a finite set n = 1,..., N
for operators on finite-dimensional spaces, and an infinite set n = 1,2,... for operators
on infinite-dimensional spaces.

35We can achieve this generalization since any real-valued continuous function can be
written as the limit of a sequence of polynomials {pn (¢)} via the Weierstrass theorem
(see Example 2, Section 2.2.2).

n
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As special cases, if f (1) = 1 then f(A) = I, and if f (1) = ¢ then f(A) = 4
Note also that because we have A = D . An Py, then (4.44) implies thay

it 418 a diagonal matrix, A =diaglaiy, ago, . . . |, then f(A) is the diagona|
matrix®®

f(A) =diag|f (a11), f (az2),...]. (4.45)
The spectral representations (4.43) and (4.44) allow one to define such
quantities as sin(A), log(A), etc., assuming f ()\,,) is meaningful. For exam.

ple. by Theorem 4.19 we see that eigenvalues of a nonnegative operator are

nonnegative. Therefore, for a compact, self-adjoint, nonnegative operator
A. the square root of A,

A2 =) NP

n

is well defined. In general, ambiguities can be avoided if f is analytic on
ag(A).

As another example, the exponential of the operator A : H — H,
applied to x € H, is

ety = Z e (2, T) T,

(g

where \,,z, are the eigenvalues and eigenfunctions, respectively, ot the
operator A. Alternatively,

g =} ¢ P, (4.46)
n

Example 4.8.

Consider a system of n first-order, constant-coefficient differential equations
x' (t) = Ax (t),

where A € C™*"™ is a matrix of constants, x is an n-dimensional vector of
functions, and x’ is the vector of derivatives taken individually on elements
of x. Initial conditions are given as the vector of constants x (0) = Xo =
[:cél),,:c(()z),, . ,:cgn)]T € C". For the case of one equation (n = 1), A is a
1 x 1 matrix (a scalar, call it o) and the general solution is obviously

i) = ez, = ez,

36 Moreover, for any pair of operators A, B related by a similarity transformation,
ie, A= PBP™!, then A" = (PBP~') (PBP')...(PBP™!) = (PB™P~!) and

n times

we see (directly for polynomials and by extension (Weierstrass) to at least continuous
functions) that for f defined on o (A) = o (B),

f(A)=Pf(B)P~".
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(1) .
where @ = oy~ 18 a scalar. Tn the case of n cquations, the ge mneral solition

B
.
AN -
X(t) — £ X“ — Z r:)\rn / <Xf]1 x_r”> xﬂ"r“'

=

where Ay, and x,,, are eigenvalues arn cigenfunctions of the matrix A. If A is

dmg(’mal (i.e., if the equations are not coupled), the solution is particularly
simple, 37

21 (8), %2 (8) . n ()] = (Mgl eMetal?, ..ty

If Ais not diagonal but is at least diagonalizable, then it is easiest to

diagonalize A as D = PAP~! such that z' (¢t) = Dz(t), solve this new
system of equations, and find x as x (t) = P~ 1z ().

A particularly important function is inversion, leading to the inverse
operator. Letting
f(t) — (t_ )\)_1 )

then

fA) =Ry(A) =) M—-N""P, (4.47)

(f

for the resolvent, where obviously if A = )\,, we must have P, = 0 for f(A)
to possibly be meaningful. For A = 0 (note A, # 0), f(¢) = t~!, leading to
the inverse operator f (A) = A1,

= ¥ 'R, (4.48)

Or

ly = Z Az, @, (4.49)

It can be shown that for a bounded operator A, the spectrum of a function
of the operator is equal to the function of the spectrum,

o (f(A)) = f(o(4)),

which is known as the spectral mapping theorem. For example, if o (A)
7 (A) = {A1, A, }, then o (£ (4)) = {f (), f (o). }

Also, from Theorem 4.10 note that for A bounded} ||A|| > 1o (A)
SUD)¢co(4) |A|- For A normal it can be shown that equality is achieved, i.e.,

|A|| = 7+ (A), and further,
If (A)ll =re (f(A)) = sup [f(A)].

A€o (A)

3"Note that for a diagonal matrix the eigenvalues are the main dmgmml entries and
the eigenvectors are the standard vectors, 1.e., X1 = 1,0,. ]T = 10 1,10, . ]T L
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The above representations for functions of an operator f(A) are valig
assuming the operator can be written as a weighted discrete sum of py,
jections, 1.e., that the operator is simple. For the operators considere
here, each projection is associated with the span of an eigenfunction. Fy,
example, compact normal operators belong to this class. It can be showy
that normal operators (not necessarily compact) can be represented as ,
welghted continuous sum of projections, and formulas similar to a continy-
ous version of (4.44) (i.e., in terms of integrals) can be developed for both
bounded and unbounded operators. Furthermore, rather than consider-
ing continuous functions, one may develop a theory for generally measur-
able functions [12, Chs. VII and VIII|. For operators that are not nor-

mal, weighted projection methods do not generally apply, and some other

method of constructing functions of operators must be used. One such
method is to use series expansions.

4.4.2 Functions of Operators via Series Expansions

A nonspectral method of constructing functions of operators is via series
expansions. For instance, consider a function given by a power series,

O
— _5_ o
n=>0

with radius of convergence R. Then, if A is bounded with ||A| < R, the
series » "~ an, A™ converges®® and we set

O

f(A) =) anA™, (4.50)

n=>0

where AY = I. For example,

= ()" £"/n!
n=0

and so3Y

0@

R Z (iw)" A™ /n!.

n=>0

It is interesting to note that (e":‘*‘A)ﬂ' = €4 and, in particular, that
wA j

e’ is invertible with inverse e="“4 even if A itself is not invertible (this

*8Since [|A™]| < ||A||" and ||A]| < R, then Zn—'{] lan|||A™|| is convergent because we
are within the radius of convergence of the original power series. When Z o lan| | A" |l

is convergent, 2 . anA™ is called absolutely convergent, which, in a Hllbert (more
generally Banach) space implies convergence.

39Recalling that power series for trigonometric functions have infinite radii of conver-
gence, these series of operators will converge for any bounded operator
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A

. ,i"f.,-t.) - \ . . \ ' » . . . . g
also shows that « IS unitary).  Iixponentials of operators often arige

in clectromagnetics via. propagator matrix approaches used in problems
associated with a multilayered maodinm 32, Ch. 2
(ransmission-line problems (see Section 7.4).

and in multiconduetor

1

4.4.3 Functions of Operators via the Dunford
Integral Representation

Finally, another method of constructing functions of operators 18 via a
generalization of the Cauchy integral formula. First, consider the case of
scalar functions. Let f(A) be analytic in a simply connected region (2 of
the complex A-plane, let I' be an arbitrary closed piecewise smooth curve
within {2, and let z be a point interior to I'. Then,

|
f(z) = o /r FOY (A —2)" " dA (4.51)

is known as Cauchy’s integral representation of the function f [33, p. 37].
where the integral is taken in the usual counterclockwise direction.

Now let A : H — H be bounded and f (z) analytic within a region
of the complex plane, with ¢ (A) C Q. Then

f(A) = -2-% /F FO) (M = A) "L dx (4.52)

is known as the Dunford integral representation [34] of f (A), which is seen
to be a generalization of the Cauchy integral representation for ordinary
functions to operator-valued functions. In particular,

1 =
Foms _
3 F()\I A)~tdx
and .
A= — I — AV do
3 [ AL =4 )

Like the Cauchy integral representation for scalar functions, the Dunford in-
tegral representation is primarily useful for theoretical developments rather
than computation.

The various definitions of f(A), i.e., (4.44), (4.50), and (4.52), may
have different domains of validity. For instance, in order for (4.44) to hold,
A must admit a representation as a weighted sum of projections, while tor
(4.50) to hold, A must be appropriately bounded, such that the series of
operators converges. The various definitions will agree whenever they are
mutually applicable for a certain operator (22, p. 10|. For instance, let f,
analytic on o (A) where A is a bounded operator, be given by the power

series -

F) = 3 e

n=0
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with radius of convergence R. Let I' be a circular (radius r), POSItive|,
oriented contour in the A-plane such that o (A) is contained within I (j,

re(A) < r). Then

(A) = 5 [ SOV = 4)7"

oo

1 " —1
— M/F (Z%A )()\I—A) d)\

=)

1s meaningful. Using

1 o= 1
(A — A) :Z)\n—l—lA =
n=0

which converges by Theorem 3.38 assuming |A| > ||Al|, we see that if
satisfies r, (A) < ||A|| < 7 < R, then

1 2 YN = 1
0= (E) (i)

o0 o0 1 )
:;an;Ak%LA g ld)\,

where the interchange of operators is permissible because ot the convergence
properties of the series. From the residue theorem [33, Sec. 22| we see that
if Kk <n—1ork > n, the integral vanishes, whereas for £ = n the integral

1s 27m1. Therefore,

f{A) = Gy A",
n=0
and in this case f (A) defined by the Dunford integral representation (4.52)
is in agreement with the series expansion form (4.50).

4.5 Spectral Methods in the Solution
of Operator Equations

Spectral representations are especially useful for solving inhomogeneous
operator equations. In the following analysis the operator A : H — H 18
assumed simple (e.g., compact and self-adjoint, in which case A — A\ 13
a Fredholm operator), with an orthonormal eigenbasis {z,} for H. The
set {un} C {z,} consists of eigenfunctions of A corresponding to nonzero
eigenvalues, forming a basis of R4, and the set {v,} C {z,} consists of

eigenfunctions corresponding to zero eigenvalues (Av,, = 0), forming a
basis of N4, and {z,} = {u,} U {v,}.
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"~ e _ : 1 \ " B
4.5.1 First- and Second-Kin Operator Equations
First-Kind Operator Equation, Ny = {0}

Consider a first-kind operator cequation of the form

/1_:?? == y

with Na = {0} (i.e.; A = 0 is not an eigenvalue of A, and so the set {u, }
is an orthonormal basis for H ) and expand z y € H as
i dsy | a . AN

z = Z (T, 1) U,
mn
Y= (Y, un) un.

Az = ) An (T, Un) Up = y = Zn (Y, Un) U,, We solve for the coefficients
of x as (z,un) = (1/\) (v, Un), leading to the unique solution

T=)" Xl; (Y Un) Un,

g

which can also be obtained by application of the inverse operator (4.49).
By the Riesz—lischer theorem (Theorem 2.11) Y (1/A,) (y, un) un will
converge if and only if >~ |(1/)\,) (y, un)|” < o0, ice., if (1/A\n) (y.un) € 12

The solution will not necessarily be continuously dependent on y (i.e..
A~" may be unbounded). To see this, change y by a small amount. sayv
cuk, where uy 1s some eigenfunction of A and ¢ is a small parameter (the

form euy is chosen for convenience). Then, with § = y + suy, the solution
of Ax = vy is

T = Z-)\l—ﬂ (Y, Un ) Un :Z/\i (Y Uy, ) Uy, -

n n Ak

Therefore, ||z — || = |e/Ak|. If A\ is very small, the difference ||z — Z|| can
become very large, even for a small perturbation ¢ [4, p. 406]. Such is the
case when A is compact (and so A~! is unbounded), because \; — 0 as
k — 00.

For the compact case, or generally where \,, — 0, it is interesting to note
that in the numerical solution of first-kind operator equations by discretiza-
tion methods (e.g., the method of moments), often a reasonably accurate
solution can be obtained by a somewhat coarse discretization. As the dis-
cretization becomes finer, rather than converging, the solution typically
diverges, reflecting the more accurate modeling of the unbounded inverse.
Furthermore, often eigenvalues associated with more singular kernels tend
toward the origin less quickly compared with eigenvalues associated with
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Smoother kernels. Therefore, the solution of first-kind equations hFI,VinH‘
more simgular kernels is sometimes easier from an approximate niumey.

cal standpoint. compared with solving first-kind integral equations }'F!:Vil'lg
smoother kernels.

First-Kind Operator Equation, N4 # {0}

If A=01is an eigenvalue of A, then it is convenient to write

r = Iy +Z<$nun> Un,

where Azg =0 and 2y = > . (Zo, Vn) Un. Since Az = > .. An (B, Uy ) Ty, =y
and {u, } L {v,}, clearly for y to be in the range of A it must be orthogonal
to {v,} (i.e., yLNy4: note that if Ny = {0}, as in the case considere(]
above, then yl N4 trivially). Assuming this is the case, we write y =
2 (Ys Un) U, Exploiting orthonormality of the set {u,} leads to (T, Up) =
(1/An) (y, un), such that the solution is given by

1
$:$O+Z_A_<y:un>uﬂj
n T

which is, however, nonunique since zg is an arbitrary element of V4. As be-

fore, " (1/An) (y, un) un, will converge if and only if > |[(1/An) (¥, un)|” <
0.

To summarize, the operator equation Az = y, where A is a simple
operator, is solvable if y1 N4. The solution,

1
.’L’:ZUD’F'ZR—(@J:UH)UH}

where Azg = 0, converges if > |(1/An) (Y, un) “ < oo and is unique if
N4 = {0}, that is, if Azg = 0 implies o = 0.

If the operator is not simple, the set of eigenfunctions will not necessarily
be mutually orthogonal or complete. In this case, one may expand x € H 1n
the bi-orthogonal set {z,,y,} as z =Y., (z,Yn) Tn, with the sets {x,} and
{y,} being the eigenfunctions of A and the adjoint operator A*, respectively
(of course, completeness of this set and validity of the expansion need to
be established). The solution is obtained as

1
I = T g Z/\_ <y:yn> Lny,
n T

and we require y_LN 4+.
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Second-Kind Operator Equation, \ Is Not an Eigenvalue of A

Consider the second-kind operator ecuation
(A — Al)z = 1.

The case A = 0 was considered above, so we will agsume A # 0.

We first consider the case where )\ is not an eigenvalue of A (i.e.,
\ ¢ 0,(A)). Theretore, (A — M)z = 0 has only the trivial solution, and
Na_x; = {0}.40 In this case we can make the expansions

A.'IU = Z )\n <.CU, Un> Un,,

4 f :$U+Z<$juﬂ>uﬂﬂ (45?))
f

Y="Yo+ Z (Z/,,Un) U,

where zg, Yo € Na. Exploiting orthonormality of the sets {u,} and {v,}
leads to (An, — A) (Z,un) = (y,u,) and A\zg = —yo, respectively. The solu-
tion is therefore

_ | 1 15
€T = Y Z =N O3 Uy} By (4.54)

TL

If Ny = {0}, then the yy term is omitted and the solution is unique.
Otherwise yg is retained and the solution is not unique. By the Riesz-
Fischer theorem (Theorem 2.11) we require Y [(1/(An — X)) (¥, Un) < o
for the series to converge. Note that trivially y L N4_at.

Second-Kind Operator Equation, A Is an Eigenvalue of A

Now consider the case when A\ is an eigenvalue of A, and let A = A,.
For simplicity, assume unit multiplicity of \,,. Therefore, (A —Al)z =
(A — A1) z = 0 has nontrivial solutions in N4_», ;. In this case we again
make the expansions (4.53). Exploiting orthonormality of the sets {un}
and {v,} leads to (A, — M) (x, upn) = (y, up) and Azy = —yo, respectively.
Then,

o if (y,um) # 0, we cannot solve for (x,u,,), and the equation has no
solution,

o if (y,u,,) = 0, then (z,u,,) is arbitrary; call it «. The (nonunique)
solution is

Yo 1
:I: e .I y-} f(b- T_L' ) + QT.II?”J.
Z (/\'n. o /\m) ( n) |

nFm

4ONote that this does not imply N4 = {0}.
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3y the Riesy Nechoer theorem we need >

I bhoth of the above cases we require y L N4 vy for iy to bein the py,
of the aperator. auch that a soluation will exist. This is in aereement wip
the Frodholm alternative 3.44 (generally we reqguire y L Ny bat ),
Achioint 1= not needed since we are assuming that the operator 18 simple!

4.5.2 Spectral Methods and Green’s Functions

It Section 393 we showed that a Green’s function is the kernel of
mtegral operator. the Green's operator, which is inverse to a differentiy
operator . In this section we continue the discussion of Green's functions
emphasizing spectral theory. The manipulations are merely formal ang
mtended to highlight salient points of the theory. Explicit formulations are
considered in Chapters 1 and 5 and in Part 11.

Referring to (3.34). consider the differential operator equation

(L=Al)x =Y, (4.55)

where L is a vector differential operator on a Hilbert space H (for example.
L=\ xVxorV?, wherex =x(r)€Dy andy =y (r) € RL_x1. Weas
sume that x as a vector will generally not be oriented in the same direction
as the source vector y. and so we anticipate a Green’s operator G (inverse
operator to (L—\I)) with a dyadic Green’s function kernel g, satisfying

— ﬂllﬁﬁ.h. _.._Il. dry

(L-A)g(r,x',\) =15 (r — ') (4.56)
such that
X(r) = (Gay) ()= [ (e, 2) -y () 4. 45T |
9

Iu this case. where we assume that (L—MI) is invertible, the Green’s opet- |
ator is exactly the resolvent of L, i.e., Gy = (L—)\I)_l = R, (L). |
To determine a spectral representation, assume that (4.55) forms a sell-
adjoint boundary value problem, such that the vector eigenfunctions de- E

fined by
Lx, = Apxy,

form an orthonormal eigenbasis in H subject to some appropriate boundary

conditions. The method leading to (4.54) results in the solution of (4.59)
s

e Y xg) .
x = Z (/\*n, "" )\)_xn B G)‘y? (LLJb)

T

R

1 See Example 5.14 for an example when the operator is not simple, and associated

eigenfunctions are implicated. In such cases the expansion (4.53) needs to be modilied
to include the associated eigenfunctions.
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where for simplicity we assume that, Ny — (0} and that A = 0 is not an
cigenvalue of L. The summation ig generally multidimensional. A similar

P ) . ' : : . | rF
form for the Green’s function ig also available. Indeed, comparing (4.57)
and (4.68) we identify the Green’s function as

—- /
By, T, A) = Z Xn (1) Xn (r') (4.59)

which is known as the bilinear series form for g.

Using the notation developed in Section 4.4, we can express the Green'’s
operator as a weighted sum of projections

G, = Z (An — /\)Hl Py, (4.60)

T

where P, x = (X, X, ) X,, projects x onto the one-dimensional space spanned
by the eigentunction x,. This also naturally leads to the idea that the

Green’s operator is simply one element (the inverse function) in a family
of possible functions of the operator (L — AI).

In higher dimensions the eigenfunction expansion of the Green’s func-
tion is generally not convergent when the source point r’ coincides with the
field point r. In these situations the Green’s function is to be considered as
an operator within the theory of distributions, such that when substituted
as the kernel of an integral expression (like (1.49) or (1.73)) the resulting
terms can be integrated term by term, leading to a convergent series.

The representation (4.59) provides the Green’s function g given the
eigenfunctions and eigenvalues x,, and \,,. Alternatively, given the Green'’s
function one may determine the eigenfunctions and eigenvalues. Assume
the series (4.59) represents a meromorphic function®* of \ such that the
Green’s function has simple poles at A = A,, in the complex \-plane. Since
L is self-adjoint, these will be on the real A-axis. Taking the integral of
(4.59) over a closed, counter-clockwise oriented contour ' in the complex
A-plane that encloses all of the poles, conveniently chosen as a circle having

42 A meromorphic function f(\) is one in which the only singularities of f in the finite
A-plane are poles. Pole singularities may be absent as well, such that a meromorphic
function is a function whose singularities in the finite A-plane are “no worse” than poles
(i.e., no branch points or essential singularities may exist in the finite A-plane).

It is useful to note that the derivative ol a meromorphic function f is a meromorphic
function f’/ and that f and f’ share the same poles.
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radius tending toward infinity in the A-plane, leads to™?
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where the series (4.59) is viewed as a distribution and integrated term
term. and the last equality is via the residue theorem [33, Sec. 22.1]. Th,
expression (4.61) allows one to obtain the eigenfunctions by considering the
poles of the Green’s function and its associated residues.

To obtain a further useful expression, consider the expansion of the
delta-function I§(z—2') in eigenfunctions of L (see the footnote on p. 271)

I6(r — 1) an r)x,(r’), (4.62)

which is called the spectral representation of the delta-function. Relations
of type (4.62) are also known as completeness relations, since taking the
(posterior) dot product of (4.62) with x(r’) and integrating over space lead
to the expansion x(r) = > (x,x,) X (r).

Combining (4.61) and (4.62) we have**

L f e, N)dr= —15@x - 1), (4.63)
2T [~
an expression of principal interest as evidenced by its usefulness in later
chapters. Throughout the text the integral in relations of the form (4.63)
will be taken in a counterclockwise direction. |

For unbounded region problems g may not be meromorphic, and otten

g admits branch-point singularities in the A-plane. In this case the discrete

set of eigenfunctions is not complete?® in H, and this set must be augmented
by a continuum (representing the continuous spectrum of L),*® leading to

;o Xn(0)XR(r') [ x(r,v)X(r', v)
g(r,r',)\) = Z Non ] /U YOES dv, (4.64)

mn

43The fact that the poles are simple is important, because the residue theorem 1s
utilized in obtaining the second equality in (4.61). For more general operators, poles
having multiplicity greater than 1 may be present. In this case, the corresponding
residue contributions need to be included and lead to associated eigenfunctions. This 1s
discussed in more detail in Section 5.3.2.

44This is a very general expression, such that the equality holds whenever the root
system of the operator forms a basis for the space in question, assuming that the Green's
function has the proper behavior at infinity. See also Section 5.3.2.

145Note that this does not imply that H lacks a discrete orthonormal basis. In fact,
every separable H possesses such a basis.

46Gee Section 5.2 for a detailed discussion of the continuous spectrum for a scalar
one-dimensional problem.
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where I,” () dv represents a multidimensional integration, and again we
assume that the poles A, arc simple. Elements of the continuum x(r, v)
are called improper eigenfunctions (since they do not belong to H), with
improper eigenvalues A (v), and satisfy

Lx (r,v) = X (v)x (r,v).
In this case the analog of (4.61) and (4.63) is
1

" g(r,r’,/\) AN = —10(r — r')
2T Jo =

(4.65)

|

"an(r)i“n(r’) - /x(r,v)i(r’,v)dv.

The generalization to the nonself-adjoint case is considered in Section 5.3.2.

which includes some comments on the validity of the two equalities in the
above equation.

4.5.3 Convergence of Nonstandard Eigenvalues
in Projection Techniques

[t addition to the usefulness of the stationary form presented in Section
4.2.11, 1t 18 also possible under certain conditions to ascertain the con-
vergence of spectral parameters obtained by the projection of infinite-
dimensional operators onto finite-dimensional spaces. Consider the spectral
problem

A(v)x =0, (4.66)

where A : B — B is a bounded operator with B an infinite-dimensional
Banach space. We assume that A is approximated by the operator A, :
B,, — By, such that A, — A as n — oo, where B,, is a finite-dimensional
Banach space. In practice, we need to solve

Al @y =1, (4.67)

which is the discretized version of (4.66), and we would like to know whether

Yo — ¥ as n — 00. Indeed, under the conditions that A and A,, are
Fredholm operator-valued functions, analytic on an open connected region
() of the complex y-plane, then [35]

e for every v € o (A), there exists v, € o (A,) such that v, — v as
n — 00.

More importantly,

o for every v, € o (A,) such that v, - y€ Q, y€ o (A).

Therefore, under the stated conditions the (approximate) nonstandard
eigenvalue 7, determined by solving a finite-dimensional version of (4.66),
converges to an actual nonstandard eigenvalue 7 of the original operator.
For an application of this result to a dielectric waveguide problem, see [36].
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